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—time homogeneous dynamical semigroup property     (divisibility of the dynamical map)

ES(⌧1 + ⌧2) = ES(⌧2)ES(⌧1)

—no initial correlation

1- starting from maps: CPTP/q channels

derivation of GKLS equation
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positive
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%(⌧2) = Es(⌧2, ⌧1)[%(⌧1)]



Any linear map with Hermiticity and trace preserving properties can be associated to a 
time-local generator as  
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can be negative

no initial correlation

1’- more general: starting from maps (without semigroup property with memory effects)

Gorini-Kossakowski-Sudarshan theorem 

derivation of GKLS equation

[M. Merkli’s talk]
[G. A. Paz-Silva et al., Phys. Rev. A 100, 042120 (2019)]
…



—Markov approximation

—Rotating wave approximation (RWA)

(⌧S � ⌧B)
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%SB(⌧) = %S(⌧)⌦ %B(0)

(killing the dependence of time evolution of the state on the state at earlier times) 

—Born approximation

(fast oscillating terms are neglected)

2- starting from Hamiltonian (microscopic derivation) 

Markovian master equation
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derivation of GKLS equation



2’- more general: starting from Hamiltonian (microscopic derivation) 

universal GKSL dynamical equation for general open quantum system
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By inserting the correlating transformation (4) in the Schrödinger equation as Ds [%SB(⌧)] = Ds
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the correlation-picture dual generator as83
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Although the dynamics described by Dc utilizing the correlation picture is fully equivalent to the Schrödinger picture dynamics84

governed by Ds , working in this suitable picture has its advantages. As we show below, working in the correlation picture, in85

addition to leading to an exact ULL, offers more convenient ways to incorporate correlations and to apply related approximations.86

From equation (6) we can readily obtain the dynamics of the subsystem by tracing out over the bath in %̇SB(⌧) = Dc [%S(⌧)⌦87

%B(⌧)]. This leads to an exact Lindblad-like master equation for the system,88
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The Lamb-shift-like Hamiltonian �

L , the quasi-rates ��
m

which are not necessarily positive, and the jump operators L�

m
are89

obtained from the diagonalization of the Hermitian and anti-Hermitian parts of a covariance matrix c of the bath operators.90

Here, unlike in the standard Lindblad equation, these bath operators are obtained not only from the interaction Hamiltonian but91

also from the correlation generator H� defined in equation (3), yielding the covariance matrix c as92

cij(⌧) = hBiB�

j
(⌧)iB, (8)
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Since L� depends on the state of the system, equation (7) is formally a nonlinear equation. Indeed, the linearity constraint100

on the full dynamics of quantum systems does not imply a similar restriction on the dynamics of a subsystem. Nevertheless,101

we show in the Supplementary Information that our ULL master equation (7) is linear in two important cases: (i) if there is no102

initial correlation, i.e., �(0) = 0, where we show �(⌧) can be explicitly expressed in terms of the system-bath product state,103

and (ii) if the domain of L� is restricted to a set of states {%(i)S } forming a convex decomposition of the state of the system, i.e.,104

%S =
P

i
pi%

(i)
S , but here the initial total state may be correlated.105

To illustrate universality of the dynamical equation (7), even in the presence of initial system–bath correlations, we begin with106

a proof-of-principle example, the well-known exactly solvable Jaynes–Cummings model29, and show that the dynamics of the107

two-level system is given by the ULL equation even though it is correlated with the cavity mode.108

Jaynes–Cummings model.—Consider a two-level atom interacting with a single-mode cavity under the Jaynes–Cummings109

Hamiltonian. The atom Hamiltonian is HS = (!0/2)�z , where �± = (�x ± i�y)/2 and �x, �y , and �z are the x, y, and110

z Pauli operators, the cavity Hamiltonian is HB = !a†a, where a† (a) is the creation (annihilation) operator of the cavity111

mode, and HI = �(�+ ⌦ a + �� ⌦ a†) describes the atom–cavity interaction. For simplicity, we assume that !0 = ! and112

that the initial state of the total atom–cavity system is in a correlated state | (0)i = r1|e, 0i + r2|g, 1i, where both r1 and113

r2 are real numbers. Following the steps of the derivation of equation (7) we obtain (see the Supplementary Information)114

%̇S = �i[HS + e!0�z, %S] + ��1 (2��%S�+ � {�+��, %S}) � ��2 (2�+%S�� � {���+, %S}), where e!0, ��1 , and ��2 are given in115

the Supplementary Information. We emphasize that this equation is in the ULL form and is valid even when there are initial116

system–bath correlations.117

Derivation of a Markovian equation.—Based on our general dynamical equation where system–bath correlations are fully118

incorporated, we can obtain simpler expressions for the case where the correlations are small. This approach is valid, e.g., in119

the vicinity of time instants at which the correlations vanish or become negligible. In such cases, we can simplify our ULL120

master equation into a Markovian Lindblad-like (MLL) master equation in which jump rates are positive—as expected from a121

Markovian dynamics8. Below, we show that this equation correctly characterizes the universal quadratic short-time behavior of122

the system dynamics; whereas the standard Lindblad master equation in general fails to capture this16,17. We assume that at ⌧0 the123

correlation vanishes. Without loss of generality we take ⌧0 = 0, thus �(0) = 0. We allow the correlations to slightly accumulate124

in the subsequent time steps due to the dynamics. To the first order in the time argument ⌧ , we find that the correlation satisfies125

equation (3) with H�(⌧) = ⌧ eHI(⌧), where eHI(⌧) =
P

i 6=0Si ⌦ (Bi � hBiiB) �
P

i 6=0hSi iSBi and h�iS = Tr[%S(⌧)�]. Thus,126
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correlation-picture approach

[M. J. W. Hall et al., Phys. Rev. A 89, 042120 (2014)]

[Phys. Rev. X 10, 041024 (2020)] j

joint work with A. T. Rezakhani, A. Babu,

 K. Mølmer, M. Möttönen, T. Ala-Nissila
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FIG. 1. Description of the correlation picture. At any time ⌧ (or ⌧ 0) a correlating transformation E� transforms an uncorrelated state %S⌦%B

to a correlated state %SB = %S ⌦ %B + �, at the same instant of time, due to an abstract correlation-dependent generator given by H�. Using
this transformation we obtain the temporal evolution of the uncorrelated system with a universal Lindblad-like generator L� [see equation (7)]
constructed from HSB, the generator of the total system dynamics in the Schrödinger picture.

the literature23, and it is known that a universal decorrelating machine would violate linearity of quantum mechanics24. Our54

correlating transformation, indeed, is not universal, i.e., E� depends on the states. To gain insight on how to find E�, consider,55

e.g., a given entangling25 gate described by the unitary transformation U� = e�isH� , with a relatively small parameter s. This56

results in a weakly correlated state %SB = %S ⌦ %B + s�. We refer to the dimensionless operator H� as the correlation generator.57

In the limit s ! 0 we obtain U�%S ⌦ %BU †
�
= %S ⌦ %B � is[H�, %S ⌦ %B] +O(s2); and thus � obeys the equation58

� = �i[H�, %S ⌦ %B]. (2)

Rather than regarding the correlation � as a function of the input product state %S ⌦ %B, we seek to find the generator H�59

satisfying equation (2) with given %S ⌦ %B and �. Although for any given pair of quantum states %1 and %2, it is possible to find60

a quantum map or channel E such that E [%1] = %226, such a map does not necessarily have a unitary representation, and hence61

equation (2) does not generally have a Hermitian solution for H�. We thus relax the above Hermiticity constraint on H� and62

since the left side of equation (2) is Hermitian, to ensure Hermiticity of the right side, with a non-Hermitian H�, we introduce a63

generalized commutator [[A,B]] = AB �B†A†27 and replace equation (2) with64

� = �i[[H�, %S ⌦ %B]]. (3)

Fortunately, this equation has always a solution for H� under the condition that P0(⌧)�(⌧)P0(⌧) = 0, where P0(⌧) is the65

projector onto the null-space of %S(⌧)⌦ %B(⌧)28. In the Methods section, we prove that this condition is always satisfied and we66

provide the solution for H�. Using equation (3) we define our correlating transformation E� as67

%SB = E�[%S ⌦ %B] := %S ⌦ %B � i[[H�, %S ⌦ %B]]. (4)

Note that the uncorrelated state %S ⌦ %B is not necessarily the real description of the total system (because in general � 6= 0);68

rather, we take this state as the description of the total system in the correlation picture. In order to keep the dynamics of the69

state in this picture faithful to the Schrödinger equation, we need to devise an appropriate formulation. Figure 1 depicts a sketch70

of the correlating transformation and the emerging correlation picture, which is explained below.71

Correlation picture dynamics and derivation of a canonical Lindblad-like form for general dynamics.—We aim to apply72

our correlation picture transformation between the correlated and uncorrelated states, %SB and %S ⌦ %B, respectively, to obtain a73

dynamical equation for %S. Our approach can be considered in the spirit of the derivation of the Nakajima–Zwanzing equation5,6.74

But rather than applying a decorrelating projector to omit system–bath correlations, by employing our correlating transformation75

within the Schrödinger equation of the total system, we shall explicitly retain contributions to the system dynamics from the76

correlations in the total system.77

Let us assume that the total Hamiltonian of the system and the bath is given by HSB = HS +HB +HI, where the last term78

denotes the system–bath interaction. We employ the correlating transformation (4) to obtain a counterpart for the Schrödinger79

picture generator Ds [�] = �i[HSB, �] (throughout this paper we have assumed the natural units ~ ⌘ kB ⌘ 1). More precisely,80

we define this operator Dc such that81

Ds [%SB(⌧)] =Dc [%S(⌧)⌦ %B(⌧)]. (5)
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FIG. 1. Description of the correlation picture. At any time ⌧ (or ⌧ 0) a correlating transformation E� transforms an uncorrelated state %S⌦%B

to a correlated state %SB = %S ⌦ %B + �, at the same instant of time, due to an abstract correlation-dependent generator given by H�. Using
this transformation we obtain the temporal evolution of the uncorrelated system with a universal Lindblad-like generator L� [see equation (7)]
constructed from HSB, the generator of the total system dynamics in the Schrödinger picture.

the literature23, and it is known that a universal decorrelating machine would violate linearity of quantum mechanics24. Our54

correlating transformation, indeed, is not universal, i.e., E� depends on the states. To gain insight on how to find E�, consider,55

e.g., a given entangling25 gate described by the unitary transformation U� = e�isH� , with a relatively small parameter s. This56

results in a weakly correlated state %SB = %S ⌦ %B + s�. We refer to the dimensionless operator H� as the correlation generator.57

In the limit s ! 0 we obtain U�%S ⌦ %BU †
�
= %S ⌦ %B � is[H�, %S ⌦ %B] +O(s2); and thus � obeys the equation58

� = �i[H�, %S ⌦ %B]. (2)

Rather than regarding the correlation � as a function of the input product state %S ⌦ %B, we seek to find the generator H�59

satisfying equation (2) with given %S ⌦ %B and �. Although for any given pair of quantum states %1 and %2, it is possible to find60

a quantum map or channel E such that E [%1] = %226, such a map does not necessarily have a unitary representation, and hence61

equation (2) does not generally have a Hermitian solution for H�. We thus relax the above Hermiticity constraint on H� and62

since the left side of equation (2) is Hermitian, to ensure Hermiticity of the right side, with a non-Hermitian H�, we introduce a63

generalized commutator [[A,B]] = AB �B†A†27 and replace equation (2) with64

� = �i[[H�, %S ⌦ %B]]. (3)

Fortunately, this equation has always a solution for H� under the condition that P0(⌧)�(⌧)P0(⌧) = 0, where P0(⌧) is the65

projector onto the null-space of %S(⌧)⌦ %B(⌧)28. In the Methods section, we prove that this condition is always satisfied and we66

provide the solution for H�. Using equation (3) we define our correlating transformation E� as67

%SB = E�[%S ⌦ %B] := %S ⌦ %B � i[[H�, %S ⌦ %B]]. (4)

Note that the uncorrelated state %S ⌦ %B is not necessarily the real description of the total system (because in general � 6= 0);68

rather, we take this state as the description of the total system in the correlation picture. In order to keep the dynamics of the69

state in this picture faithful to the Schrödinger equation, we need to devise an appropriate formulation. Figure 1 depicts a sketch70

of the correlating transformation and the emerging correlation picture, which is explained below.71

Correlation picture dynamics and derivation of a canonical Lindblad-like form for general dynamics.—We aim to apply72

our correlation picture transformation between the correlated and uncorrelated states, %SB and %S ⌦ %B, respectively, to obtain a73

dynamical equation for %S. Our approach can be considered in the spirit of the derivation of the Nakajima–Zwanzing equation5,6.74

But rather than applying a decorrelating projector to omit system–bath correlations, by employing our correlating transformation75

within the Schrödinger equation of the total system, we shall explicitly retain contributions to the system dynamics from the76

correlations in the total system.77

Let us assume that the total Hamiltonian of the system and the bath is given by HSB = HS +HB +HI, where the last term78

denotes the system–bath interaction. We employ the correlating transformation (4) to obtain a counterpart for the Schrödinger79

picture generator Ds [�] = �i[HSB, �] (throughout this paper we have assumed the natural units ~ ⌘ kB ⌘ 1). More precisely,80

we define this operator Dc such that81

Ds [%SB(⌧)] =Dc [%S(⌧)⌦ %B(⌧)]. (5)

key element:

general: 

no weak-coupling

no Markovian

no uncorrelated preparation assumptions

…

derivation of GKLS equation
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Using a universal trajectory-based dynamical equation, we formulate an unambiguous separation of the en-
ergy change of an open system into a part which entails entropy change (hence, associated with heat) and a part
which does not lead to entropy change. This formulation obviates the need for the use of virtual transformations
of the instantaneous states to their counterpart passive states. With this separation, we identify a trajectory-
induced ergotropy which is spent to force the system to follow the given trajectory of interest. We show that this
ergotropy is related to the counterdiabatic driving associated with a reference Hamiltonian, called entanglement
Hamiltonian in the context of correlated systems, which identifies the trajectory as a thermal path. Based on
these definitions, we (hope to?) design thermodynamic cycles for quantum heat engines working with highest
possible power and efficiency.

INTRODUCTION

PRELIMINARIES

Consider a quantum system whose evolution is described
by a time-dependent mixed state

%(t) =
Pr

n=1�n(t)|n(t)ihn(t)|, (1)

where r = rank(%). If %(t) is full rank, i.e., if r = d (where
d is dimension of the system Hilbert space), it can be equiv-
alently described as a thermal state with a reference Hamilto-
nian (t) as

%(t) = e
�� (t)

/Z(t), (2)

where Z0(t) = Tr[e�� (t)] denotes the partition function,
and � is the inverse temperature (assuming kB = 1). With this
definition, the spectral decomposition of the reference Hamil-
tonian reads

(t) =
P

n✏n(t)|n(t)ihn(t)|, (3)

where the eigenvalues ✏n = ��
�1 log(Z�n). It should be

noted that for a general dynamics is not the same as the
system Hamiltonian. We denote the Hamiltonian of the sys-
tem with

H(t) =
P

↵E↵(t)|e↵(t)ihe↵(t)|, (4)

which can be time-dependent as well. In a general dynamics
the given �n(t) of Eq. (1) are time-dependent. Hence the time
derivative of the trajectory %(t) can be derived as [1]

@t%(t) = �i[ CD(t), %(t)] +
P

n@t�n(t)|n(t)ihn(t)|. (5)

where CD(t) = (t) + (t), and

(t) = i
P

n (|@tn(t)ihn(t)|� hn(t)|@tn(t)i|n(t)ihn(t)|) .
(6)

Equation (5) can be recast in a Lindblad-like form [2] as

@t% = �i[ CD, %] +
P

mn�mn

�
Lmn%L

†
mn � 1

2{L
†
mnLmn, %}

�

(7)

where

Lmn(t) = |m(t)ihn(t)|, (8)
�mn(t) = @t�m(t)/[r�n(t)]. (9)

HEAT, ERGOTROPY, WORK, AND ENTROPY
PRODUCTION

In Ref. [3] based on a virtual transformation of the instan-
taneous state of the system to its passive state counterpart, the
dissipative part of the energy change has been divided into
two parts. One part is related to the energy change due to
the change of the passive state and the other part which is of
work type (ergotropy) is related to the energy change asso-
ciated to deviation of the instantaneous state from the passive
state (passivity change). Incorporating this virtual transforma-
tion to make the state instantaneously passive introduces some
ambiguity in dynamical accessibility of the definitions of the
heat and ergotropy. In addition including passivity, which is
a concept defined in a specific context for closed systems in
cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible in-
gredients.

Given a trajectory %(t) as Eq. (1), the entropy change along
the trajectory is given by

@t (t) = �Tr[@t%(t) log %(t)] = �
P

n@t�n(t) log �n(t),
(10)

from which it is evident that the change in the eigenvectors
of the density matrix do not have a share in the change of
entropy. By looking at the energy change of the system along
the trajectory as

@t (t) :=@tTr[%(t)H(t)]

=Tr[@t%(t)H(t)] + Tr[%(t)@tH(t)], (11)

where H(t) introduced in Eq. (4) is the Hamiltonian of the
system, we can readily separate the part of the energy change

2

companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
state

%(t) =
Õg

k=1rk(t)|rk(t)ihrk(t)|, (2)

where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
Hamiltonian as

H �H% = e�� /Z, (3)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� ⌘

1). In the context of strongly-correlated quantum systems,
is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
[25]. With this definition, the spectral decomposition of
reads

=
Õ

k✏k |rkihrk |, (4)

where ✏i = ���1 log(riZ). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ

nEn |EnihEn |, (5)

which can be time-dependent as well. In a general dynamics
the given rk of Eq. (2) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ ⌘ 1) [22]

€% = �i[ ��, %] +
Õ

k €rk |rkihrk |, (6)

where dot denotes @t and �� = + , and

=i
Õ

k (| €rkihrk | � hrk | €rki |rkihrk |) . (7)

A precursor to the decomposition (6) has been reported in
Ref. [26]. This equation can be recast in a Lindblad-like form
[18] as

€% = �i[ ��, %] +D��[%], (8)

where D��[%] =
Õ

i j�i j
�
Li j %L†

i j
�

1
2 {L†

i j
Li j, %}

�
, and

Lk j = |rkihrj |, �k j = €rk/(g rj). (9)

Unambiguous definitions of heat and work.—In Ref. [23]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €%(t)H(t)]) [15] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]), which is
“heat” rate; and the other part which is of the work type is re-
lated to the energy change associated to deviation of the instan-
taneous state from the passive state (Tr

⇥ �
€%(t) � €⇡(t)

�
H(t)

⇤
),

which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {%(s); s 2 [0, t]} as Eq. (2), the
entropy change along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

k €rk log rk, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (11) does not contain any change in the state, thus it leads
to no entropy change. Thus, it is of the work type,

@̄t � = Tr[% €H] (12)

where @̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

k €rk hrk |H |rki +
Õ

krk(h €rk |H |rki + hrk |H | €rki).
(13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

k €rk hrk |H |rki (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part

is it possible to assign a GKLS equation to any given trajectory? 

evolution along the trajectory:
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companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
state

%(t) =
Õg

k=1rk(t)|rk(t)ihrk(t)|, (2)

where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
Hamiltonian as

H �H% = e�� /Z, (3)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� ⌘

1). In the context of strongly-correlated quantum systems,
is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
[25]. With this definition, the spectral decomposition of
reads

=
Õ

k✏k |rkihrk |, (4)

where ✏i = ���1 log(riZ). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ

nEn |EnihEn |, (5)

which can be time-dependent as well. In a general dynamics
the given rk of Eq. (2) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ ⌘ 1) [22]

€% = �i[ ��, %] +
Õ

k €rk |rkihrk |, (6)

where dot denotes @t and �� = + , and

=i
Õ

k (| €rkihrk | � hrk | €rki |rkihrk |) . (7)

A precursor to the decomposition (6) has been reported in
Ref. [26]. This equation can be recast in a Lindblad-like form
[18] as

€% = �i[ ��, %] +D��[%], (8)

where D��[%] =
Õ

i j�i j
�
Li j %L†

i j
�

1
2 {L†

i j
Li j, %}

�
, and

Lk j = |rkihrj |, �k j = €rk/(g rj). (9)

Unambiguous definitions of heat and work.—In Ref. [23]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €%(t)H(t)]) [15] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]), which is
“heat” rate; and the other part which is of the work type is re-
lated to the energy change associated to deviation of the instan-
taneous state from the passive state (Tr

⇥ �
€%(t) � €⇡(t)

�
H(t)

⇤
),

which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {%(s); s 2 [0, t]} as Eq. (2), the
entropy change along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

k €rk log rk, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (11) does not contain any change in the state, thus it leads
to no entropy change. Thus, it is of the work type,

@̄t � = Tr[% €H] (12)

where @̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

k €rk hrk |H |rki +
Õ

krk(h €rk |H |rki + hrk |H | €rki).
(13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

k €rk hrk |H |rki (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part
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@̄t � = Tr[% €H] (12)

where @̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

k €rk hrk |H |rki +
Õ

krk(h €rk |H |rki + hrk |H | €rki).
(13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

k €rk hrk |H |rki (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part
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companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
state

%(t) =
Õg

k=1rk(t)|rk(t)ihrk(t)|, (2)

where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
Hamiltonian as

% = e�� /Z, %(t) =
e��H(t)

Z(t)
, (3)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� ⌘

1). In the context of strongly-correlated quantum systems,
is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
[25]. With this definition, the spectral decomposition of
reads

=
Õ

k✏k |rkihrk |, (4)

where ✏i = ���1 log(riZ). It should be noted that for a general
dynamics (t) is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ

nEn |EnihEn |, (5)

which can be time-dependent as well. In a general dynamics
the given rk of Eq. (2) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ ⌘ 1) [22]

€% = �i[ ��, %] +
Õ

k €rk |rkihrk |, (6)

where dot denotes @t and �� = + , and

=i
Õ

k (| €rkihrk | � hrk | €rki |rkihrk |) . (7)

A precursor to the decomposition (6) has been reported in
Ref. [26]. This equation can be recast in a Lindblad-like form
[18] as

€% = �i[ ��, %] +D��[%], (8)

where D��[%] =
Õ

i j�i j
�
Li j %L†

i j
�

1
2 {L†

i j
Li j, %}

�
, and

Lk j = |rkihrj |, �k j = €rk/(g rj). (9)

Unambiguous definitions of heat and work.—In Ref. [23]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €%(t)H(t)]) [15] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]), which is
“heat” rate; and the other part which is of the work type is re-
lated to the energy change associated to deviation of the instan-
taneous state from the passive state (Tr

⇥ �
€%(t) � €⇡(t)

�
H(t)

⇤
),

which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {%(s); s 2 [0, t]} as Eq. (2), the
entropy change along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

k €rk log rk, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (11) does not contain any change in the state, thus it leads
to no entropy change. Thus, it is of the work type,

@̄t � = Tr[% €H] (12)

where @̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

k €rk hrk |H |rki +
Õ

krk(h €rk |H |rki + hrk |H | €rki).
(13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

k €rk hrk |H |rki (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part

trajectory-based 
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companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
state

%(t) =
Õg

k=1rk(t)|rk(t)ihrk(t)|, (2)

where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
Hamiltonian as

% = e�� /Z, %(t) =
e��H(t)

Z(t)
, (3)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� ⌘

1). In the context of strongly-correlated quantum systems,
is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
[25]. With this definition, the spectral decomposition of
reads

=
Õ

k✏k |rkihrk |, (4)

where ✏i = ���1 log(riZ). It should be noted that for a general
dynamics (t) is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ

nEn |EnihEn |, (5)

which can be time-dependent as well. In a general dynamics
the given rk of Eq. (2) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ ⌘ 1) [22]

€% = �i[ ��, %] +
Õ

k €rk |rkihrk |, (6)

where dot denotes @t and �� = + , and

=i
Õ

k (| €rkihrk | � hrk | €rki |rkihrk |) . (7)

A precursor to the decomposition (6) has been reported in
Ref. [26]. This equation can be recast in a Lindblad-like form
[18] as

€% = �i[ ��, %] +D��[%], (8)

where D��[%] =
Õ

i j�i j
�
Li j %L†

i j
�

1
2 {L†

i j
Li j, %}

�
, and

Lk j = |rkihrj |, �k j = €rk/(g rj). (9)

Unambiguous definitions of heat and work.—In Ref. [23]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €%(t)H(t)]) [15] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]), which is
“heat” rate; and the other part which is of the work type is re-
lated to the energy change associated to deviation of the instan-
taneous state from the passive state (Tr

⇥ �
€%(t) � €⇡(t)

�
H(t)

⇤
),

which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {%(s); s 2 [0, t]} as Eq. (2), the
entropy change along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

k €rk log rk, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (11) does not contain any change in the state, thus it leads
to no entropy change. Thus, it is of the work type,

@̄t � = Tr[% €H] (12)

where @̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

k €rk hrk |H |rki +
Õ

krk(h €rk |H |rki + hrk |H | €rki).
(13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

k €rk hrk |H |rki (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part
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companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
state

%(t) =
Õg

k=1rk(t)|rk(t)ihrk(t)|, (2)

where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
Hamiltonian as

% = e�� /Z, (3)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� ⌘

1). In the context of strongly-correlated quantum systems,
is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
[25]. With this definition, the spectral decomposition of
reads

=
Õ

k✏k |rkihrk |, (4)

where ✏i = ���1 log(riZ). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H(t) =
Õ

nEn |EnihEn |, (5)

which can be time-dependent as well. In a general dynamics
the given rk of Eq. (2) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ ⌘ 1) [22]

€% = �i[ ��, %] +
Õ

k €rk |rkihrk |, (6)

where dot denotes @t and �� = + , and

=i
Õ

k (| €rkihrk | � hrk | €rki |rkihrk |) . (7)

A precursor to the decomposition (6) has been reported in
Ref. [26]. This equation can be recast in a Lindblad-like form
[18] as

€% = �i[ ��, %] +D��[%], (8)

where D��[%] =
Õ

i j�i j
�
Li j %L†

i j
�

1
2 {L†

i j
Li j, %}

�
, and

Lk j = |rkihrj |, �k j = €rk/(g rj). (9)

Unambiguous definitions of heat and work.—In Ref. [23]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €%(t)H(t)]) [15] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]), which is
“heat” rate; and the other part which is of the work type is re-
lated to the energy change associated to deviation of the instan-
taneous state from the passive state (Tr

⇥ �
€%(t) � €⇡(t)

�
H(t)

⇤
),

which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {%(s); s 2 [0, t]} as Eq. (2), the
entropy change along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

k €rk log rk, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (11) does not contain any change in the state, thus it leads
to no entropy change. Thus, it is of the work type,

@̄t � = Tr[% €H] (12)

where @̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

k €rk hrk |H |rki +
Õ

krk(h €rk |H |rki + hrk |H | €rki).
(13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

k €rk hrk |H |rki (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part
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companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
state

%(t) =
Õg

k=1rk(t)|rk(t)ihrk(t)|, (2)

where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
Hamiltonian as

% = e�� /Z, %(t) =
e��H(t)

Z(t)
, (3)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� ⌘

1). In the context of strongly-correlated quantum systems,
is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
[25]. With this definition, the spectral decomposition of
reads

=
Õ

k✏k |rkihrk |, (4)

where ✏i = ���1 log(riZ). It should be noted that for a general
dynamics ⌘ is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ

nEn |EnihEn |, (5)

which can be time-dependent as well. In a general dynamics
the given rk of Eq. (2) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ ⌘ 1) [22]

€% = �i[ ��, %] +
Õ

k €rk |rkihrk |, (6)

where dot denotes @t and �� = + , and

=i
Õ

k (| €rkihrk | � hrk | €rki |rkihrk |) . (7)

A precursor to the decomposition (6) has been reported in
Ref. [26]. This equation can be recast in a Lindblad-like form
[18] as

€% = �i[ ��, %] +D��[%], (8)

where D��[%] =
Õ

i j�i j
�
Li j %L†

i j
�

1
2 {L†

i j
Li j, %}

�
, and

Lk j = |rkihrj |, �k j = €rk/(g rj). (9)

Unambiguous definitions of heat and work.—In Ref. [23]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €%(t)H(t)]) [15] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]), which is
“heat” rate; and the other part which is of the work type is re-
lated to the energy change associated to deviation of the instan-
taneous state from the passive state (Tr

⇥ �
€%(t) � €⇡(t)

�
H(t)

⇤
),

which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {%(s); s 2 [0, t]} as Eq. (2), the
entropy change along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

k €rk log rk, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (11) does not contain any change in the state, thus it leads
to no entropy change. Thus, it is of the work type,

@̄t � = Tr[% €H] (12)

where @̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

k €rk hrk |H |rki +
Õ

krk(h €rk |H |rki + hrk |H | €rki).
(13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

k €rk hrk |H |rki (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part
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companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
state

%(t) =
Õg

k=1rk(t)|rk(t)ihrk(t)|, (2)

where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
Hamiltonian as

% = e�� /Z, %(t) =
e�� (t)

Z(t)
(3)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� ⌘

1). In the context of strongly-correlated quantum systems,
is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
[25]. With this definition, the spectral decomposition of
reads

=
Õ

k✏k |rkihrk |, (4)

where ✏i = ���1 log(riZ). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ

nEn |EnihEn |, (5)

which can be time-dependent as well. In a general dynamics
the given rk of Eq. (2) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ ⌘ 1) [22]

€% = �i[ ��, %] +
Õ

k €rk |rkihrk |, (6)

where dot denotes @t and �� = + , and

=i
Õ

k (| €rkihrk | � hrk | €rki |rkihrk |) . (7)

A precursor to the decomposition (6) has been reported in
Ref. [26]. This equation can be recast in a Lindblad-like form
[18] as

€% = �i[ ��, %] +D��[%], (8)

where D��[%] =
Õ

i j�i j
�
Li j %L†

i j
�

1
2 {L†

i j
Li j, %}

�
, and

Lk j = |rkihrj |, �k j = €rk/(g rj). (9)

Unambiguous definitions of heat and work.—In Ref. [23]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €%(t)H(t)]) [15] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]), which is
“heat” rate; and the other part which is of the work type is re-
lated to the energy change associated to deviation of the instan-
taneous state from the passive state (Tr

⇥ �
€%(t) � €⇡(t)

�
H(t)

⇤
),

which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {%(s); s 2 [0, t]} as Eq. (2), the
entropy change along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

k €rk log rk, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (11) does not contain any change in the state, thus it leads
to no entropy change. Thus, it is of the work type,

@̄t � = Tr[% €H] (12)

where @̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

k €rk hrk |H |rki +
Õ

krk(h €rk |H |rki + hrk |H | €rki).
(13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

k €rk hrk |H |rki (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part
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companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
state

%(t) =
Õg

k=1rk(t)|rk(t)ihrk(t)|, (2)

where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
Hamiltonian as

% = e�� /Z, %(t) =
e�� (t)

Z(t)
(3)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� ⌘

1). In the context of strongly-correlated quantum systems,
is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
[25]. With this definition, the spectral decomposition of
reads

=
Õ

k✏k |rkihrk |, (4)

where ✏i = ���1 log(riZ). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ

nEn |EnihEn |, (5)

which can be time-dependent as well. In a general dynamics
the given rk of Eq. (2) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ ⌘ 1) [22]

€% = �i[ ��, %] +
Õ

k €rk |rkihrk |, (6)

where dot denotes @t and �� = + , and

=i
Õ

k (| €rkihrk | � hrk | €rki |rkihrk |) . (7)

A precursor to the decomposition (6) has been reported in
Ref. [26]. This equation can be recast in a Lindblad-like form
[18] as

€% = �i[ ��, %] +D��[%], (8)

where D��[%] =
Õ

i j�i j
�
Li j %L†

i j
�

1
2 {L†

i j
Li j, %}

�
, and

Lk j = |rkihrj |, �k j = €rk/(g rj). (9)

Unambiguous definitions of heat and work.—In Ref. [23]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €%(t)H(t)]) [15] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]), which is
“heat” rate; and the other part which is of the work type is re-
lated to the energy change associated to deviation of the instan-
taneous state from the passive state (Tr

⇥ �
€%(t) � €⇡(t)

�
H(t)

⇤
),

which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {%(s); s 2 [0, t]} as Eq. (2), the
entropy change along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

k €rk log rk, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (11) does not contain any change in the state, thus it leads
to no entropy change. Thus, it is of the work type,

@̄t � = Tr[% €H] (12)

where @̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

k €rk hrk |H |rki +
Õ

krk(h €rk |H |rki + hrk |H | €rki).
(13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

k €rk hrk |H |rki (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part
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companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
state

r(C) =
Õg

:=1A: (C) |A: (C)ihA: (C) |, (2)

where g = rank(r). For brevity, hereafter we drop all time-
dependence. If r is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
Hamiltonian as

r = 4�V // , (3)

where /0 = Tr[4�V ] denotes the partition function, and V
is the inverse temperature of the environment (assuming :� ⌘

1). In the context of strongly-correlated quantum systems,
is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
[25]. With this definition, the spectral decomposition of
reads

=
Õ

:n: |A:ihA: |, (4)

where n8 = �V�1 log(A8/). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

� =
Õ

=⇢= |⇢=ih⇢= |, (5)

which can be time-dependent as well. In a general dynamics
the given A: of Eq. (2) are time-dependent. Hence, the time
derivative of the trajectory r can be derived as (assuming
\ ⌘ 1) [22]

§r = �8[ ��, r] +
Õ

: §A: |A:ihA: |, (6)

where dot denotes mC and �� = + , and

=8
Õ

: ( | §A:ihA: | � hA: | §A:i |A:ihA: |) . (7)

A precursor to the decomposition (6) has been reported in
Ref. [26]. This equation can be recast in a Lindblad-like form
[18] as

§r = �8[ ��, r] + D�� [r], (8)

where D�� [r] =
Õ

8 9W8 9
�
!8 9 r!

†

8 9 �
1
2 {!

†

8 9!8 9 , r}
�
, and

!: 9 = |A:ihA 9 |, W: 9 = §A:/(g A 9 ). (9)

Unambiguous definitions of heat and work.—In Ref. [23]
based on a virtual transformation of the instantaneous state of
the system (r(C)) to its counterpart passive state (c(C)), the dis-
sipative part of the energy change (Tr[ §r(C)� (C)]) [15] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ §c(C)� (C)]), which is
“heat” rate; and the other part which is of the work type is re-
lated to the energy change associated to deviation of the instan-
taneous state from the passive state (Tr

⇥ �
§r(C) � §c(C)

�
� (C)

⇤
),

which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {r(B); B 2 [0, C]} as Eq. (2),
the entropy change along the trajectory is given by

§ = �Tr[ §r log r] = �
Õ

: §A: log A: , (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[r�], its change
along the trajectory is given by

§ = Tr[ §r�] + Tr[r §�], (11)

we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (11) does not contain any change in the state, thus it leads
to no entropy change. Thus, it is of the work type,

m̄C � = Tr[r §�] (12)

where m̄C = d̄
dC . We can recast the first term of Eq. (11) as

Tr[ §r�] =
Õ

: §A: hA: |� |A:i +
Õ

:A: (h §A: |� |A:i + hA: |� | §A:i).
(13)

Looking at the above separation, it is seen that the change in
the first term

m̄C :=
Õ

: §A: hA: |� |A:i (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part

with no environment around
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companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
state

%(t) =
Õg

k=1rk(t)|rk(t)ihrk(t)|, (2)

where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
Hamiltonian as

% = e�� /Z, %(t) =
e�� (t)

Z(t)
(3)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� ⌘

1). In the context of strongly-correlated quantum systems,
is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
[25]. With this definition, the spectral decomposition of
reads

=
Õ

k✏k |rkihrk |, (4)

where ✏i = ���1 log(riZ). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ

nEn |EnihEn |, (5)

which can be time-dependent as well. In a general dynamics
the given rk of Eq. (2) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ ⌘ 1) [22]

€% = �i[ ��, %] +
Õ

k €rk |rkihrk |, (6)

where dot denotes @t and �� = + , and

=i
Õ

k (| €rkihrk | � hrk | €rki |rkihrk |) . (7)

A precursor to the decomposition (6) has been reported in
Ref. [26]. This equation can be recast in a Lindblad-like form
[18] as

€% = �i[ ��, %] +D��[%], (8)

where D��[%] =
Õ

i j�i j
�
Li j %L†

i j
�

1
2 {L†

i j
Li j, %}

�
, and

Lk j = |rkihrj |, �k j = €rk/(g rj). (9)

Unambiguous definitions of heat and work.—In Ref. [23]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €%(t)H(t)]) [15] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]), which is
“heat” rate; and the other part which is of the work type is re-
lated to the energy change associated to deviation of the instan-
taneous state from the passive state (Tr

⇥ �
€%(t) � €⇡(t)

�
H(t)

⇤
),

which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {%(s); s 2 [0, t]} as Eq. (2), the
entropy change along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

k €rk log rk, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (11) does not contain any change in the state, thus it leads
to no entropy change. Thus, it is of the work type,

@̄t � = Tr[% €H] (12)

where @̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

k €rk hrk |H |rki +
Õ

krk(h €rk |H |rki + hrk |H | €rki).
(13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

k €rk hrk |H |rki (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part
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companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
state

%(t) =
Õg

k=1rk(t)|rk(t)ihrk(t)|, (2)

where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
Hamiltonian as

% = e�� /Z, %(t) =
e�� (t)

Z(t)
(3)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� ⌘

1). In the context of strongly-correlated quantum systems,
is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
[25]. With this definition, the spectral decomposition of
reads

=
Õ

k✏k |rkihrk |, (4)

where ✏i = ���1 log(riZ). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ

nEn |EnihEn |, (5)

which can be time-dependent as well. In a general dynamics
the given rk of Eq. (2) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ ⌘ 1) [22]

€% = �i[ ��, %] +
Õ

k €rk |rkihrk |, (6)

where dot denotes @t and �� = + , and

=i
Õ

k (| €rkihrk | � hrk | €rki |rkihrk |) . (7)

A precursor to the decomposition (6) has been reported in
Ref. [26]. This equation can be recast in a Lindblad-like form
[18] as

€% = �i[ ��, %] +D��[%], (8)

where D��[%] =
Õ

i j�i j
�
Li j %L†

i j
�

1
2 {L†

i j
Li j, %}

�
, and

Lk j = |rkihrj |, �k j = €rk/(g rj). (9)

Unambiguous definitions of heat and work.—In Ref. [23]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €%(t)H(t)]) [15] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]), which is
“heat” rate; and the other part which is of the work type is re-
lated to the energy change associated to deviation of the instan-
taneous state from the passive state (Tr
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which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {%(s); s 2 [0, t]} as Eq. (2), the
entropy change along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

k €rk log rk, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (11) does not contain any change in the state, thus it leads
to no entropy change. Thus, it is of the work type,
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originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part
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companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
state

r(C) =
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dependence. If r is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
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r = 4�V // , (3)

where /0 = Tr[4�V ] denotes the partition function, and V
is the inverse temperature of the environment (assuming :� ⌘

1). In the context of strongly-correlated quantum systems,
is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
[25]. With this definition, the spectral decomposition of
reads
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dynamics is not the same as the system Hamiltonian. We
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which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {r(B); B 2 [0, C]} as Eq. (2),
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§ = �Tr[ §r log r] = �
Õ

: §A: log A: , (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[r�], its change
along the trajectory is given by

§ = Tr[ §r�] + Tr[r §�], (11)

we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (11) does not contain any change in the state, thus it leads
to no entropy change. Thus, it is of the work type,

m̄C � = Tr[r §�] (12)

where m̄C = d̄
dC . We can recast the first term of Eq. (11) as

Tr[ §r�] =
Õ

: §A: hA: |� |A:i +
Õ

:A: (h §A: |� |A:i + hA: |� | §A:i).
(13)

Looking at the above separation, it is seen that the change in
the first term

m̄C :=
Õ

: §A: hA: |� |A:i (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part

2

companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
state

r(C) =
Õg

:=1A: (C) |A: (C)ihA: (C) |, (2)

where g = rank(r). For brevity, hereafter we drop all time-
dependence. If r is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
Hamiltonian as

r = 4�V // , (3)

where /0 = Tr[4�V ] denotes the partition function, and V
is the inverse temperature of the environment (assuming :� ⌘

1). In the context of strongly-correlated quantum systems,
is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
[25]. With this definition, the spectral decomposition of
reads

=
Õ

:n: |A:ihA: |, (4)

where n8 = �V�1 log(A8/). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

� =
Õ

=⇢= |⇢=ih⇢= |, (5)

which can be time-dependent as well. In a general dynamics
the given A: of Eq. (2) are time-dependent. Hence, the time
derivative of the trajectory r can be derived as (assuming
\ ⌘ 1) [22]

§r = �8[ ��, r] +
Õ

: §A: |A:ihA: |, (6)

where dot denotes mC and �� = + , and

=8
Õ

: ( | §A:ihA: | � hA: | §A:i |A:ihA: |) . (7)

A precursor to the decomposition (6) has been reported in
Ref. [26]. This equation can be recast in a Lindblad-like form
[18] as

§r = �8[ ��, r] + D�� [r], (8)

where D�� [r] =
Õ

8 9W8 9
�
!8 9 r!

†

8 9 �
1
2 {!

†

8 9!8 9 , r}
�
, and

!: 9 = |A:ihA 9 |, W: 9 = §A:/(g A 9 ). (9)

Unambiguous definitions of heat and work.—In Ref. [23]
based on a virtual transformation of the instantaneous state of
the system (r(C)) to its counterpart passive state (c(C)), the dis-
sipative part of the energy change (Tr[ §r(C)� (C)]) [15] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ §c(C)� (C)]), which is
“heat” rate; and the other part which is of the work type is re-
lated to the energy change associated to deviation of the instan-
taneous state from the passive state (Tr

⇥ �
§r(C) � §c(C)

�
� (C)

⇤
),

which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {r(B); B 2 [0, C]} as Eq. (2),
the entropy change along the trajectory is given by
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part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
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the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
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which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {%(s); s 2 [0, t]} as Eq. (2), the
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to no entropy change. Thus, it is of the work type,

@̄t � = Tr[% €H] (12)

where @̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

k €rk hrk |H |rki +
Õ

krk(h €rk |H |rki + hrk |H | €rki).
(13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

k €rk hrk |H |rki (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part

2

companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
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we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (11) does not contain any change in the state, thus it leads
to no entropy change. Thus, it is of the work type,
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companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
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where Z0 = Tr[e�� ] denotes the partition function, and � is
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is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
[25]. With this definition, the spectral decomposition of
reads
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part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
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where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
Hamiltonian as

% = e�� /Z, (3)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� ⌘
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denote the Hamiltonian of the system with
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which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
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companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
state

%(t) =
Õg

k=1rk(t)|rk(t)ihrk(t)|, (2)

where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
Hamiltonian as

% = e�� /Z, (3)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� ⌘

1). In the context of strongly-correlated quantum systems,
is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
[25]. With this definition, the spectral decomposition of
reads

=
Õ

k✏k |rkihrk |, (4)

where ✏i = ���1 log(riZ). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ

nEn |EnihEn |, (5)

which can be time-dependent as well. In a general dynamics
the given rk of Eq. (2) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ ⌘ 1) [22]

€% = �i[ ��, %] +
Õ

k €rk |rkihrk |, (6)

where dot denotes @t and �� = + , and

=i
Õ

k (| €rkihrk | � hrk | €rki |rkihrk |) . (7)

A precursor to the decomposition (6) has been reported in
Ref. [26]. This equation can be recast in a Lindblad-like form
[18] as

€% = �i[ ��, %] +D��[%], (8)

where D��[%] =
Õ

i j�i j
�
Li j %L†

i j
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, and

Lk j = |rkihrj |, �k j = €rk/(g rj). (9)

Unambiguous definitions of heat and work.—In Ref. [23]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €%(t)H(t)]) [15] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]), which is
“heat” rate; and the other part which is of the work type is re-
lated to the energy change associated to deviation of the instan-
taneous state from the passive state (Tr

⇥ �
€%(t) � €⇡(t)

�
H(t)

⇤
),

which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {%(s); s 2 [0, t]} as Eq. (2), the
entropy change along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

k €rk log rk, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (11) does not contain any change in the state, thus it leads
to no entropy change. Thus, it is of the work type,

@̄t � = Tr[% €H] (12)

where @̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

k €rk hrk |H |rki +
Õ

krk(h €rk |H |rki + hrk |H | €rki).
(13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

k €rk hrk |H |rki (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part

evolution along the trajectory:
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companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
state

%(t) =
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where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
Hamiltonian as

% = e�� /Z, (3)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� ⌘

1). In the context of strongly-correlated quantum systems,
is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
[25]. With this definition, the spectral decomposition of
reads

=
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where ✏i = ���1 log(riZ). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ

nEn |EnihEn |, (5)

which can be time-dependent as well. In a general dynamics
the given rk of Eq. (2) are time-dependent. Hence, the time
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Ref. [26]. This equation can be recast in a Lindblad-like form
[18] as

€% = �i[ ��, %] +D��[%], (9)

where D��[%] =
Õ

i j�i j
�
Li j %L†

i j
�

1
2 {L†

i j
Li j, %}

�
, and

Lk j = |rkihrj |, �k j = €rk/(g rj). (10)

Unambiguous definitions of heat and work.—In Ref. [23]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €%(t)H(t)]) [15] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]), which is
“heat” rate; and the other part which is of the work type is re-
lated to the energy change associated to deviation of the instan-
taneous state from the passive state (Tr
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),

which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {%(s); s 2 [0, t]} as Eq. (2), the
entropy change along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

k €rk log rk, (11)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (12)

we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (12) does not contain any change in the state, thus it leads
to no entropy change. Thus, it is of the work type,

@̄t � = Tr[% €H] (13)

where @̄t = d̄
dt . We can recast the first term of Eq. (12) as

Tr[ €%H] =
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k €rk hrk |H |rki +
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krk(h €rk |H |rki + hrk |H | €rki).
(14)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
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originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part
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companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
state

%(t) =
Õg

k=1rk(t)|rk(t)ihrk(t)|, (2)

where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
Hamiltonian as

% = e�� /Z, (3)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� ⌘

1). In the context of strongly-correlated quantum systems,
is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
[25]. With this definition, the spectral decomposition of
reads

=
Õ

k✏k |rkihrk |, (4)

where ✏i = ���1 log(riZ). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ

nEn |EnihEn |, (5)

which can be time-dependent as well. In a general dynamics
the given rk of Eq. (2) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ ⌘ 1) [22]

€% = �i[ ��, %] +
Õ

k €rk |rkihrk |, (6)

where dot denotes @t and �� = + , and

=i
Õ

k (| €rkihrk | � hrk | €rki |rkihrk |) . (7)

A precursor to the decomposition (6) has been reported in
Ref. [26]. This equation can be recast in a Lindblad-like form
[18] as

€% = �i[ ��, %] +D��[%], (8)

where D��[%] =
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Lk j = |rkihrj |, �k j = €rk/(g rj). (9)

Unambiguous definitions of heat and work.—In Ref. [23]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €%(t)H(t)]) [15] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]), which is
“heat” rate; and the other part which is of the work type is re-
lated to the energy change associated to deviation of the instan-
taneous state from the passive state (Tr

⇥ �
€%(t) � €⇡(t)

�
H(t)

⇤
),

which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {%(s); s 2 [0, t]} as Eq. (2), the
entropy change along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

k €rk log rk, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (11) does not contain any change in the state, thus it leads
to no entropy change. Thus, it is of the work type,

@̄t � = Tr[% €H] (12)

where @̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

k €rk hrk |H |rki +
Õ

krk(h €rk |H |rki + hrk |H | €rki).
(13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

k €rk hrk |H |rki (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part
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work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
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equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
state
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where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
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where Z0 = Tr[e�� ] denotes the partition function, and � is
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1). In the context of strongly-correlated quantum systems,
is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
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reads
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where ✏i = ���1 log(riZ). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
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which can be time-dependent as well. In a general dynamics
the given rk of Eq. (2) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
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which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {%(s); s 2 [0, t]} as Eq. (2), the
entropy change along the trajectory is given by
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from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by
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we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (11) does not contain any change in the state, thus it leads
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work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
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the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €%(t)H(t)]) [15] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]), which is
“heat” rate; and the other part which is of the work type is re-
lated to the energy change associated to deviation of the instan-
taneous state from the passive state (Tr

⇥ �
€%(t) � €⇡(t)

�
H(t)

⇤
),

which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {%(s); s 2 [0, t]} as Eq. (2), the
entropy change along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

k €rk log rk, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (11) does not contain any change in the state, thus it leads
to no entropy change. Thus, it is of the work type,

@̄t � = Tr[% €H] (12)

where @̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

k €rk hrk |H |rki +
Õ

krk(h €rk |H |rki + hrk |H | €rki).
(13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

k €rk hrk |H |rki (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part
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companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
state
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where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
Hamiltonian as

% = e�� /Z, (3)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� ⌘

1). In the context of strongly-correlated quantum systems,
is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
[25]. With this definition, the spectral decomposition of
reads

=
Õ

k✏k |rkihrk |, (4)

where ✏i = ���1 log(riZ). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ
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which can be time-dependent as well. In a general dynamics
the given rk of Eq. (2) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ ⌘ 1) [22]
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A precursor to the decomposition (6) has been reported in
Ref. [26]. This equation can be recast in a Lindblad-like form
[18] as
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Unambiguous definitions of heat and work.—In Ref. [23]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €%(t)H(t)]) [15] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]), which is
“heat” rate; and the other part which is of the work type is re-
lated to the energy change associated to deviation of the instan-
taneous state from the passive state (Tr
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⇤
),

which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {%(s); s 2 [0, t]} as Eq. (2), the
entropy change along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

k €rk log rk, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (11) does not contain any change in the state, thus it leads
to no entropy change. Thus, it is of the work type,

@̄t � = Tr[% €H] (12)

where @̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

k €rk hrk |H |rki +
Õ

krk(h €rk |H |rki + hrk |H | €rki).
(13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

k €rk hrk |H |rki (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part

<latexit sha1_base64="SDLuGy2S+kgXnZNjaxXdNAFF3EY="></latexit>

�t %(ev) = D[%]

TB-based GKLS

2- description change of the eigenvalues

<latexit sha1_base64="KgFUH9AHicd83K/1zIwW0jsnAgg="></latexit>

(t) =
P

k ✏k(t)|rk(t)ihrk(t)|

Re
m

in
d

er

<latexit sha1_base64="PbaBfDWMyC2/vMN2/gAWhUXAa3U="></latexit> €% = �i[ , %] +D[%]

2

companied by an entropy change, hence heat, and its coherent
part, which is not able to change the system entropy, is the
“dissipative work.” This work is not related to the external
work by driving the system Hamiltonian, is done due to the
interaction with environment.

In Ref. [23], heat has been defined by subtracting ergotropy
[24] from the dissipative part of the energy change, through
considering a virtual evolution that leads to extraction of er-
gotropy. However, since reaching the needed optimal state
does not necessarily achieved during the evolution of the sys-
tem (or in other words, the needed virtual evolution does not
happen in the real dynamics of the system), the amount of the
heat which is defined this way can be fictitious. Our approach,
however, is relied only on the real evolution of the system,
thus unambiguous. We start with a brief review on TB-STA
equation.

Trajectory-based shortcut to adiabaticity dynamical
equation.—Consider a quantum system, with the Hilbert space
H , whose evolution is described by a time-dependent mixed
state

%(t) =
Õg

k=1rk(t)|rk(t)ihrk(t)|, (2)

where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = dim(H ), it can be
equivalently described in a Gibbsian form with a reference
Hamiltonian as

% = e�� /Z, (3)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� ⌘

1). In the context of strongly-correlated quantum systems,
is called the “entanglement” Hamiltonian, and its spectrum
is particularly useful for signaling quantum phase transitions
[25]. With this definition, the spectral decomposition of
reads

=
Õ

k✏k |rkihrk |, (4)

where ✏i = ���1 log(riZ). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ

nEn |EnihEn |, (5)

which can be time-dependent as well. In a general dynamics
the given rk of Eq. (2) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ ⌘ 1) [22]

€% = �i[ ��, %] +
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k €rk |rkihrk |, (6)

where dot denotes @t and �� = + , and
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A precursor to the decomposition (6) has been reported in
Ref. [26]. This equation can be recast in a Lindblad-like form
[18] as
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Unambiguous definitions of heat and work.—In Ref. [23]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €%(t)H(t)]) [15] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]), which is
“heat” rate; and the other part which is of the work type is re-
lated to the energy change associated to deviation of the instan-
taneous state from the passive state (Tr
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€%(t) � €⇡(t)
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⇤
),

which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory {%(s); s 2 [0, t]} as Eq. (2), the
entropy change along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

k €rk log rk, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which
is associated with the entropy change. The second term in
Eq. (11) does not contain any change in the state, thus it leads
to no entropy change. Thus, it is of the work type,

@̄t � = Tr[% €H] (12)

where @̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

k €rk hrk |H |rki +
Õ

krk(h €rk |H |rki + hrk |H | €rki).
(13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

k €rk hrk |H |rki (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence, this part
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Dissipative work due to an environment
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Using a universal trajectory-based dynamical equation, we formulate an unambiguous separation of the energy
change of an open system into a part which entails purely entropy change (hence, associated with heat) and
another part with no entropy change. This formulation obviates the need for the use of passivity or virtual
transformations of the instantaneous states to their counterpart passive states. In addition, this separation enables
us to identify a dissipative work which is needed to be used in order to force the system to follow the given
trajectory of interest. We show that this work is related to the counterdiabatic driving associated with a reference
Hamiltonian which identifies the trajectory as a thermal path. We compare our definitions with other definitions
in the literature through an example.

Introduction.—There is a vast literature on quantum ther-
modynamics on advanced topics such as designing quantum
heat engines, quantum fluctuation relations, and consistency
of di�erent statements of the second law of thermodynamics
in quantum regime, and so on. However, still there are debates
on definitions of basic concepts such as heat and work under
general conditions (even in classical systems) [1–3]. Majority
of current studies in quantum thermodynamics are valid and
unambiguous for closed systems, or for systems under the equi-
librium conditions, or in open nonequilibrium systems under
weak coupling assumption. We still lack a consistent non-
equilibrium theory of quantum thermodynamics in the strong
coupling regime.

In this line, several approaches have been suggested to deal
with this problem: dynamical approaches where the dynam-
ically modified Hamiltonian of the system is considered to
define internal energy and accordingly heat and work in an
open quantum system [4–6] and accordingly a quantum ver-
sion of the second law in open quantum systems [7]; mean
force Hamiltonian technique [8–12] (valid in strongly coupled
equilibrium systems) using which one can preserve the validity
of classical thermodynamic relations between internal energy,
free energy, and entropy in quantum domain ; and there are
also other ad hoc methods, where a coarse grained version of
the system density matrix in the energy eigenbasis and semi-
classical definitions of heat and work is used, and coherences
share in heat and work exchange is compensated manually
[13, 14].

The most widely used definitions for heat and work is intro-
duced in Ref. [15] under certain conditions, when the system-
bath are “weakly” coupled and the system dynamics is given
by a GKLS “Markovian” dynamical equation:

§r = �8[�, r] + L[r] (1)

where � is the system Hamiltonian and L[r] =Õ
8 W8

�
�8 r�

†

8 � (1/2){�†

8 �8 , r}
�

is the GKLS superoperator, in
which W8 and �8 are rates and jump operators respectively. We
will also refer to L[r] as the dissipative part of the dynam-
ics. When the external work is performed by “slowly” driv-
ing the system Hamiltonian � (C) in time, the GKLS operator
will not be a�ected and the dissipative part of the dynamical
equation takes part only in heat transfer: §, = Tr[r §�] and
§& = Tr

⇥
§r�

⇤
⌘ Tr

⇥
L[r]�

⇤
.

However, the usage of these definitions for work and heat
had become widespread in the literature without considering
their limitations in the first place

Recently it has been shown that non-adiabatic change of
the system Hamiltonian can lead to a change in the dissipa-
tive part of the dynamics as well [16, 17]. This indicates that
the GKLS superoperator can also be a�ected by the external
work. Hence, part of the energy change which is related to the
change of the state given by L[r], which has been categorized
as heat, can practically be in the form of work. Putting this
beside the fact that interaction with the environment can a�ect
the system Hamiltonian, which means environment can per-
form work on the system and vice versa, makes the definition
of heat and work in an open quantum system more challeng-
ing. The positive side is that any general dynamical equation
(with no restriction) can be written in the form of a GKLS-
like equation [18–20] as §r = �8[H , r] + D [r], in which the
Hermitian operator H is not necessarily the system Hamilto-
nian, and together with D [.], which is in the form of a GKLS
superoperator, can depend on system-bath interaction and cor-
relation. Due to the inconsistencies of a general dynamics with
a Markovian GKLS equation, and to avoid any unambiguity
we call d̄ dis = Tr[dr �] the “dissipative energy,” a part of
which is “dissipative work” and its other part is heat.

A guideline on definition of heat is that during heat transfer,
entropy of the system also changes [21]. In other words, if
entropy does not change, all the energy change is work. Re-
cently a “trajectory-based shortcut to adiabaticity” (TB-STA)
method has been developed which assigns an adiabatic evo-
lution to a given time-dependent density matrix or trajectory
[22]. This technique yields a dynamical equation in GKLS
form which is general, without any limitations on the strength
of the system-bath coupling or their correlations. Since TB-
STA dynamical equation is tailored for the given trajectory,
its coherent and dissipative parts are directly related to the
real coherences and dissipations developed in the course of
evolution—unlike the coherence and dissipation mechanisms
in the conventional GKLS equation that may not occur for a
generic trajectory associated with a given initial state.

Here we show that among all possible dynamical equations
describing the given trajectory, the TB-STA is the one for
which the energy change assigned to the dissipative part is ac-

microscopically derived GKLS TB-GKLS
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trajectory of interest. We show that this work is related to the counterdiabatic driving associated with a reference
Hamiltonian which identifies the trajectory as a thermal path. We compare our definitions with other definitions
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Introduction.—There is a vast literature on quantum ther-
modynamics on advanced topics such as designing quantum
heat engines, quantum fluctuation relations, and consistency
of di�erent statements of the second law of thermodynamics
in quantum regime, and so on. However, still there are debates
on definitions of basic concepts such as heat and work under
general conditions (even in classical systems) [1–3]. Majority
of current studies in quantum thermodynamics are valid and
unambiguous for closed systems, or for systems under the equi-
librium conditions, or in open nonequilibrium systems under
weak coupling assumption. We still lack a consistent non-
equilibrium theory of quantum thermodynamics in the strong
coupling regime.

In this line, several approaches have been suggested to deal
with this problem: dynamical approaches where the dynam-
ically modified Hamiltonian of the system is considered to
define internal energy and accordingly heat and work in an
open quantum system [4–6] and accordingly a quantum ver-
sion of the second law in open quantum systems [7]; mean
force Hamiltonian technique [8–12] (valid in strongly coupled
equilibrium systems) using which one can preserve the validity
of classical thermodynamic relations between internal energy,
free energy, and entropy in quantum domain ; and there are
also other ad hoc methods, where a coarse grained version of
the system density matrix in the energy eigenbasis and semi-
classical definitions of heat and work is used, and coherences
share in heat and work exchange is compensated manually
[13, 14].

The most widely used definitions for heat and work is intro-
duced in Ref. [15] under certain conditions, when the system-
bath are “weakly” coupled and the system dynamics is given
by a GKLS “Markovian” dynamical equation:
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is the GKLS superoperator, in
which W8 and �8 are rates and jump operators respectively. We
will also refer to L[r] as the dissipative part of the dynam-
ics. When the external work is performed by “slowly” driv-
ing the system Hamiltonian � (C) in time, the GKLS operator
will not be a�ected and the dissipative part of the dynamical
equation takes part only in heat transfer: §, = Tr[r §�] and
§& = Tr
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However, the usage of these definitions for work and heat
had become widespread in the literature without considering
their limitations in the first place

Recently it has been shown that non-adiabatic change of
the system Hamiltonian can lead to a change in the dissipa-
tive part of the dynamics as well [16, 17]. This indicates that
the GKLS superoperator can also be a�ected by the external
work. Hence, part of the energy change which is related to the
change of the state given by L[r], which has been categorized
as heat, can practically be in the form of work. Putting this
beside the fact that interaction with the environment can a�ect
the system Hamiltonian, which means environment can per-
form work on the system and vice versa, makes the definition
of heat and work in an open quantum system more challeng-
ing. The positive side is that any general dynamical equation
(with no restriction) can be written in the form of a GKLS-
like equation [18–20] as §r = �8[H , r] + D [r], in which the
Hermitian operator H is not necessarily the system Hamilto-
nian, and together with D [.], which is in the form of a GKLS
superoperator, can depend on system-bath interaction and cor-
relation. Due to the inconsistencies of a general dynamics with
a Markovian GKLS equation, and to avoid any unambiguity
we call d̄ dis = Tr[dr �] the “dissipative energy,” a part of
which is “dissipative work” and its other part is heat.

A guideline on definition of heat is that during heat transfer,
entropy of the system also changes [21]. In other words, if
entropy does not change, all the energy change is work. Re-
cently a “trajectory-based shortcut to adiabaticity” (TB-STA)
method has been developed which assigns an adiabatic evo-
lution to a given time-dependent density matrix or trajectory
[22]. This technique yields a dynamical equation in GKLS
form which is general, without any limitations on the strength
of the system-bath coupling or their correlations. Since TB-
STA dynamical equation is tailored for the given trajectory,
its coherent and dissipative parts are directly related to the
real coherences and dissipations developed in the course of
evolution—unlike the coherence and dissipation mechanisms
in the conventional GKLS equation that may not occur for a
generic trajectory associated with a given initial state.

Here we show that among all possible dynamical equations
describing the given trajectory, the TB-STA is the one for
which the energy change assigned to the dissipative part is ac-
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§& = Tr

⇥
§r�

⇤
⌘ Tr

⇥
L[r]�

⇤
.

However, the usage of these definitions for work and heat
had become widespread in the literature without considering
their limitations in the first place

Recently it has been shown that non-adiabatic change of
the system Hamiltonian can lead to a change in the dissipa-
tive part of the dynamics as well [16, 17]. This indicates that
the GKLS superoperator can also be a�ected by the external
work. Hence, part of the energy change which is related to the
change of the state given by L[r], which has been categorized
as heat, can practically be in the form of work. Putting this
beside the fact that interaction with the environment can a�ect
the system Hamiltonian, which means environment can per-
form work on the system and vice versa, makes the definition
of heat and work in an open quantum system more challeng-
ing. The positive side is that any general dynamical equation
(with no restriction) can be written in the form of a GKLS-
like equation [18–20] as §r = �8[H , r] + D [r], in which the
Hermitian operator H is not necessarily the system Hamilto-
nian, and together with D [.], which is in the form of a GKLS
superoperator, can depend on system-bath interaction and cor-
relation. Due to the inconsistencies of a general dynamics with
a Markovian GKLS equation, and to avoid any unambiguity
we call d̄ dis = Tr[dr �] the “dissipative energy,” a part of
which is “dissipative work” and its other part is heat.

A guideline on definition of heat is that during heat transfer,
entropy of the system also changes [21]. In other words, if
entropy does not change, all the energy change is work. Re-
cently a “trajectory-based shortcut to adiabaticity” (TB-STA)
method has been developed which assigns an adiabatic evo-
lution to a given time-dependent density matrix or trajectory
[22]. This technique yields a dynamical equation in GKLS
form which is general, without any limitations on the strength
of the system-bath coupling or their correlations. Since TB-
STA dynamical equation is tailored for the given trajectory,
its coherent and dissipative parts are directly related to the
real coherences and dissipations developed in the course of
evolution—unlike the coherence and dissipation mechanisms
in the conventional GKLS equation that may not occur for a
generic trajectory associated with a given initial state.

Here we show that among all possible dynamical equations
describing the given trajectory, the TB-STA is the one for
which the energy change assigned to the dissipative part is ac-

energetics of microscopically derived GKLS

Internal energy:
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Using a universal trajectory-based dynamical equation, we formulate an unambiguous separation of the energy
change of an open system into a part which entails purely entropy change (hence, associated with heat) and
another part with no entropy change. This formulation obviates the need for the use of passivity or virtual
transformations of the instantaneous states to their counterpart passive states. In addition, this separation enables
us to identify a dissipative work which is needed to be used in order to force the system to follow the given
trajectory of interest. We show that this work is related to the counterdiabatic driving associated with a reference
Hamiltonian which identifies the trajectory as a thermal path. We compare our definitions with other definitions
in the literature through an example.

Introduction.—There is a vast literature on quantum ther-
modynamics on advanced topics such as designing quantum
heat engines, quantum fluctuation relations, and consistency
of di�erent statements of the second law of thermodynamics
in quantum regime, and so on. However, still there are debates
on definitions of basic concepts such as heat and work under
general conditions (even in classical systems) [1–3]. Majority
of current studies in quantum thermodynamics are valid and
unambiguous for closed systems, or for systems under the equi-
librium conditions, or in open nonequilibrium systems under
weak coupling assumption. We still lack a consistent non-
equilibrium theory of quantum thermodynamics in the strong
coupling regime.

In this line, several approaches have been suggested to deal
with this problem: dynamical approaches where the dynam-
ically modified Hamiltonian of the system is considered to
define internal energy and accordingly heat and work in an
open quantum system [4–6] and accordingly a quantum ver-
sion of the second law in open quantum systems [7]; mean
force Hamiltonian technique [8–12] (valid in strongly coupled
equilibrium systems) using which one can preserve the validity
of classical thermodynamic relations between internal energy,
free energy, and entropy in quantum domain ; and there are
also other ad hoc methods, where a coarse grained version of
the system density matrix in the energy eigenbasis and semi-
classical definitions of heat and work is used, and coherences
share in heat and work exchange is compensated manually
[13, 14].

The most widely used definitions for heat and work is intro-
duced in Ref. [15] under certain conditions, when the system-
bath are “weakly” coupled and the system dynamics is given
by a GKLS “Markovian” dynamical equation:

€% = �i[H, %] + L[%] (1)

where H is the system Hamiltonian and L[%] =
Õ

i �i
�
Ai %A†

i
�

(1/2){A†

i
Ai, %}

�
is the GKLS superoperator, in which �i and Ai

are rates and jump operators respectively. We will also refer to
L[%] as the dissipative part of the dynamics. When the external
work is performed by “slowly” driving the system Hamiltonian
H(t) in time, the GKLS operator will not be a�ected and the
dissipative part of the dynamical equation takes part only in
heat transfer: €W = Tr[% €H] and €Q = Tr

⇥
€%H

⇤
⌘ Tr

⇥
L[%]H

⇤
.

However, the usage of these definitions for work and heat
had become widespread in the literature without considering
their limitations in the first place

Recently it has been shown that non-adiabatic change of the
system Hamiltonian can lead to a change in the dissipative
part of the dynamics as well [16, 17]. This indicates that the
GKLS superoperator can also be a�ected by the external work.
Hence, part of the energy change which is related to the change
of the state given by L[%], which has been categorized as heat,
can practically be in the form of work. Putting this beside
the fact that interaction with the environment can a�ect the
system Hamiltonian, which means environment can perform
work on the system and vice versa, makes the definition of heat
and work in an open quantum system more challenging. The
positive side is that any general dynamical equation (with no
restriction) can be written in the form of a GKLS-like equation
[18–20] as €% = �i[H, %]+D[%], in which the Hermitian opera-
tor H is not necessarily the system Hamiltonian, and together
with D[.], which is in the form of a GKLS superoperator,
can depend on system-bath interaction and correlation. Due
to the inconsistencies of a general dynamics with a Marko-
vian GKLS equation, and to avoid any unambiguity we call
d̄ dis = Tr[d%H] the “dissipative energy,” a part of which is
“dissipative work” and its other part is heat.

A guideline on definition of heat is that during heat transfer,
entropy of the system also changes [21]. In other words, if
entropy does not change, all the energy change is work. Re-
cently a “trajectory-based shortcut to adiabaticity” (TB-STA)
method has been developed which assigns an adiabatic evo-
lution to a given time-dependent density matrix or trajectory
[22]. This technique yields a dynamical equation in GKLS
form which is general, without any limitations on the strength
of the system-bath coupling or their correlations. Since TB-
STA dynamical equation is tailored for the given trajectory,
its coherent and dissipative parts are directly related to the
real coherences and dissipations developed in the course of
evolution—unlike the coherence and dissipation mechanisms
in the conventional GKLS equation that may not occur for a
generic trajectory associated with a given initial state.

Here we show that among all possible dynamical equations
describing the given trajectory, the TB-STA is the one for
which the energy change assigned to the dissipative part is ac-

change in energy levels

(physical structure)

(external) work

heat and work in quantum regime: conventional definitions
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dU = Tr[d%H] + Tr[% dH]

heat?

1— first law

pros

2— second law: entropy change
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Using a universal trajectory-based dynamical equation, we formulate an unambiguous separation of the energy
change of an open system into a part which entails purely entropy change (hence, associated with heat) and
another part with no entropy change. This formulation obviates the need for the use of passivity or virtual
transformations of the instantaneous states to their counterpart passive states. In addition, this separation enables
us to identify a dissipative work which is needed to be used in order to force the system to follow the given
trajectory of interest. We show that this work is related to the counterdiabatic driving associated with a reference
Hamiltonian which identifies the trajectory as a thermal path. We compare our definitions with other definitions
in the literature through an example.

Introduction.—There is a vast literature on quantum ther-
modynamics on advanced topics such as designing quantum
heat engines, quantum fluctuation relations, and consistency
of di�erent statements of the second law of thermodynamics
in quantum regime, and so on. However, still there are debates
on definitions of basic concepts such as heat and work under
general conditions (even in classical systems) [1–3]. Majority
of current studies in quantum thermodynamics are valid and
unambiguous for closed systems, or for systems under the equi-
librium conditions, or in open nonequilibrium systems under
weak coupling assumption. We still lack a consistent non-
equilibrium theory of quantum thermodynamics in the strong
coupling regime.

In this line, several approaches have been suggested to deal
with this problem: dynamical approaches where the dynam-
ically modified Hamiltonian of the system is considered to
define internal energy and accordingly heat and work in an
open quantum system [4–6] and accordingly a quantum ver-
sion of the second law in open quantum systems [7]; mean
force Hamiltonian technique [8–12] (valid in strongly coupled
equilibrium systems) using which one can preserve the validity
of classical thermodynamic relations between internal energy,
free energy, and entropy in quantum domain ; and there are
also other ad hoc methods, where a coarse grained version of
the system density matrix in the energy eigenbasis and semi-
classical definitions of heat and work is used, and coherences
share in heat and work exchange is compensated manually
[13, 14].

The most widely used definitions for heat and work is intro-
duced in Ref. [15] under certain conditions, when the system-
bath are “weakly” coupled and the system dynamics is given
by a GKLS “Markovian” dynamical equation:

§r = �8[�, r] + L[r] (1)

where � is the system Hamiltonian and L[r] =Õ
8 W8

�
�8 r�

†

8 � (1/2){�†

8 �8 , r}
�

is the GKLS superoperator, in
which W8 and �8 are rates and jump operators respectively. We
will also refer to L[r] as the dissipative part of the dynam-
ics. When the external work is performed by “slowly” driv-
ing the system Hamiltonian � (C) in time, the GKLS operator
will not be a�ected and the dissipative part of the dynamical
equation takes part only in heat transfer: §, = Tr[r §�] and
§& = Tr

⇥
§r�

⇤
⌘ Tr

⇥
L[r]�

⇤
.

However, the usage of these definitions for work and heat
had become widespread in the literature without considering
their limitations in the first place

Recently it has been shown that non-adiabatic change of
the system Hamiltonian can lead to a change in the dissipa-
tive part of the dynamics as well [16, 17]. This indicates that
the GKLS superoperator can also be a�ected by the external
work. Hence, part of the energy change which is related to the
change of the state given by L[r], which has been categorized
as heat, can practically be in the form of work. Putting this
beside the fact that interaction with the environment can a�ect
the system Hamiltonian, which means environment can per-
form work on the system and vice versa, makes the definition
of heat and work in an open quantum system more challeng-
ing. The positive side is that any general dynamical equation
(with no restriction) can be written in the form of a GKLS-
like equation [18–20] as §r = �8[H , r] + D [r], in which the
Hermitian operator H is not necessarily the system Hamilto-
nian, and together with D [.], which is in the form of a GKLS
superoperator, can depend on system-bath interaction and cor-
relation. Due to the inconsistencies of a general dynamics with
a Markovian GKLS equation, and to avoid any unambiguity
we call d̄ dis = Tr[dr �] the “dissipative energy,” a part of
which is “dissipative work” and its other part is heat.

A guideline on definition of heat is that during heat transfer,
entropy of the system also changes [21]. In other words, if
entropy does not change, all the energy change is work. Re-
cently a “trajectory-based shortcut to adiabaticity” (TB-STA)
method has been developed which assigns an adiabatic evo-
lution to a given time-dependent density matrix or trajectory
[22]. This technique yields a dynamical equation in GKLS
form which is general, without any limitations on the strength
of the system-bath coupling or their correlations. Since TB-
STA dynamical equation is tailored for the given trajectory,
its coherent and dissipative parts are directly related to the
real coherences and dissipations developed in the course of
evolution—unlike the coherence and dissipation mechanisms
in the conventional GKLS equation that may not occur for a
generic trajectory associated with a given initial state.

Here we show that among all possible dynamical equations
describing the given trajectory, the TB-STA is the one for
which the energy change assigned to the dissipative part is ac-
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dQ = Tr[L[%] H]dt
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[a la Alicki et al. ]
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dU = Tr[d%H] + Tr[% dH]energy change:

what do we learn from the TB-GKLS?
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Using a universal trajectory-based dynamical equation, we formulate an unambiguous separation of the energy
change of an open system into a part which entails purely entropy change (hence, associated with heat) and
another part with no entropy change. This formulation obviates the need for the use of passivity or virtual
transformations of the instantaneous states to their counterpart passive states. In addition, this separation enables
us to identify a dissipative work which is needed to be used in order to force the system to follow the given
trajectory of interest. We show that this work is related to the counterdiabatic driving associated with a reference
Hamiltonian which identifies the trajectory as a thermal path. We compare our definitions with other definitions
in the literature through an example.

Introduction.—There is a vast literature on quantum ther-
modynamics on advanced topics such as designing quantum
heat engines, quantum fluctuation relations, and consistency
of di�erent statements of the second law of thermodynamics
in quantum regime, and so on. However, still there are debates
on definitions of basic concepts such as heat and work under
general conditions (even in classical systems) [1–3]. Majority
of current studies in quantum thermodynamics are valid and
unambiguous for closed systems, or for systems under the equi-
librium conditions, or in open nonequilibrium systems under
weak coupling assumption. We still lack a consistent non-
equilibrium theory of quantum thermodynamics in the strong
coupling regime.

In this line, several approaches have been suggested to deal
with this problem: dynamical approaches where the dynam-
ically modified Hamiltonian of the system is considered to
define internal energy and accordingly heat and work in an
open quantum system [4–6] and accordingly a quantum ver-
sion of the second law in open quantum systems [7]; mean
force Hamiltonian technique [8–12] (valid in strongly coupled
equilibrium systems) using which one can preserve the validity
of classical thermodynamic relations between internal energy,
free energy, and entropy in quantum domain ; and there are
also other ad hoc methods, where a coarse grained version of
the system density matrix in the energy eigenbasis and semi-
classical definitions of heat and work is used, and coherences
share in heat and work exchange is compensated manually
[13, 14].

The most widely used definitions for heat and work is intro-
duced in Ref. [15] under certain conditions, when the system-
bath are “weakly” coupled and the system dynamics is given
by a GKLS “Markovian” dynamical equation:

§r = �8[�, r] + L[r] (1)

where � is the system Hamiltonian and L[r] =Õ
8 W8

�
�8 r�

†

8 � (1/2){�†

8 �8 , r}
�

is the GKLS superoperator, in
which W8 and �8 are rates and jump operators respectively. We
will also refer to L[r] as the dissipative part of the dynam-
ics. When the external work is performed by “slowly” driv-
ing the system Hamiltonian � (C) in time, the GKLS operator
will not be a�ected and the dissipative part of the dynamical
equation takes part only in heat transfer: §, = Tr[r §�] and
§& = Tr

⇥
§r�

⇤
⌘ Tr

⇥
L[r]�

⇤
.

However, the usage of these definitions for work and heat
had become widespread in the literature without considering
their limitations in the first place

Recently it has been shown that non-adiabatic change of
the system Hamiltonian can lead to a change in the dissipa-
tive part of the dynamics as well [16, 17]. This indicates that
the GKLS superoperator can also be a�ected by the external
work. Hence, part of the energy change which is related to the
change of the state given by L[r], which has been categorized
as heat, can practically be in the form of work. Putting this
beside the fact that interaction with the environment can a�ect
the system Hamiltonian, which means environment can per-
form work on the system and vice versa, makes the definition
of heat and work in an open quantum system more challeng-
ing. The positive side is that any general dynamical equation
(with no restriction) can be written in the form of a GKLS-
like equation [18–20] as §r = �8[H , r] + D [r], in which the
Hermitian operator H is not necessarily the system Hamilto-
nian, and together with D [.], which is in the form of a GKLS
superoperator, can depend on system-bath interaction and cor-
relation. Due to the inconsistencies of a general dynamics with
a Markovian GKLS equation, and to avoid any unambiguity
we call d̄ dis = Tr[dr �] the “dissipative energy,” a part of
which is “dissipative work” and its other part is heat.

A guideline on definition of heat is that during heat transfer,
entropy of the system also changes [21]. In other words, if
entropy does not change, all the energy change is work. Re-
cently a “trajectory-based shortcut to adiabaticity” (TB-STA)
method has been developed which assigns an adiabatic evo-
lution to a given time-dependent density matrix or trajectory
[22]. This technique yields a dynamical equation in GKLS
form which is general, without any limitations on the strength
of the system-bath coupling or their correlations. Since TB-
STA dynamical equation is tailored for the given trajectory,
its coherent and dissipative parts are directly related to the
real coherences and dissipations developed in the course of
evolution—unlike the coherence and dissipation mechanisms
in the conventional GKLS equation that may not occur for a
generic trajectory associated with a given initial state.

Here we show that among all possible dynamical equations
describing the given trajectory, the TB-STA is the one for
which the energy change assigned to the dissipative part is ac-
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There is part of the energy exchange, in the dissipative part of the microscopic master 
equation, along the trajectory, which does not contribute in entropy change
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dQ = dU � dWmay have “non-heat” contributions

TB-GKLS microscopic
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nonunitary, entropy change

a closer look:
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Trajectory-induced ergotropy
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Using a universal trajectory-based dynamical equation, we formulate an unambiguous separation of the en-
ergy change of an open system into a part which entails entropy change (hence, associated with heat) and a part
which does not lead to entropy change. This formulation obviates the need for the use of virtual transformations
of the instantaneous states to their counterpart passive states. With this separation, we identify a trajectory-
induced ergotropy which is spent to force the system to follow the given trajectory of interest. We show that this
ergotropy is related to the counterdiabatic driving associated with a reference Hamiltonian, called entanglement
Hamiltonian in the context of correlated systems, which identifies the trajectory as a thermal path. Based on
these definitions, we (hope to?) design thermodynamic cycles for quantum heat engines working with highest
possible power and efficiency.

INTRODUCTION

PRELIMINARIES

Consider a quantum system whose evolution is described
by a time-dependent mixed state

%(t) =
Pr

n=1�n(t)|n(t)ihn(t)|, (1)

where r = rank(%). If %(t) is full rank, i.e., if r = d (where
d is dimension of the system Hilbert space), it can be equiv-
alently described as a thermal state with a reference Hamilto-
nian (t) as

%(t) = e
�� (t)

/Z(t), (2)

where Z0(t) = Tr[e�� (t)] denotes the partition function,
and � is the inverse temperature (assuming kB = 1). With this
definition, the spectral decomposition of the reference Hamil-
tonian reads

(t) =
P

n✏n(t)|n(t)ihn(t)|, (3)

where the eigenvalues ✏n = ��
�1 log(Z�n). It should be

noted that for a general dynamics is not the same as the
system Hamiltonian. We denote the Hamiltonian of the sys-
tem with

H(t) =
P

↵E↵(t)|e↵(t)ihe↵(t)|, (4)

which can be time-dependent as well. In a general dynamics
the given �n(t) of Eq. (1) are time-dependent. Hence the time
derivative of the trajectory %(t) can be derived as [1]

@t%(t) = �i[ CD(t), %(t)] +
P

n@t�n(t)|n(t)ihn(t)|. (5)

where CD(t) = (t) + (t), and

(t) = i
P

n (|@tn(t)ihn(t)|� hn(t)|@tn(t)i|n(t)ihn(t)|) .
(6)

Equation (5) can be recast in a Lindblad-like form [2] as

@t% = �i[ CD, %] +
P

mn�mn

�
Lmn%L

†
mn � 1

2{L
†
mnLmn, %}

�

(7)

where

Lmn(t) = |m(t)ihn(t)|, (8)
�mn(t) = @t�m(t)/[r�n(t)]. (9)

HEAT, ERGOTROPY, WORK, AND ENTROPY
PRODUCTION

In Ref. [3] based on a virtual transformation of the instan-
taneous state of the system to its passive state counterpart, the
dissipative part of the energy change has been divided into
two parts. One part is related to the energy change due to
the change of the passive state and the other part which is of
work type (ergotropy) is related to the energy change asso-
ciated to deviation of the instantaneous state from the passive
state (passivity change). Incorporating this virtual transforma-
tion to make the state instantaneously passive introduces some
ambiguity in dynamical accessibility of the definitions of the
heat and ergotropy. In addition including passivity, which is
a concept defined in a specific context for closed systems in
cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible in-
gredients.

Given a trajectory %(t) as Eq. (1), the entropy change along
the trajectory is given by

@t (t) = �Tr[@t%(t) log %(t)] = �
P

n@t�n(t) log �n(t),
(10)

from which it is evident that the change in the eigenvectors
of the density matrix do not have a share in the change of
entropy. By looking at the energy change of the system along
the trajectory as

@t (t) :=@tTr[%(t)H(t)]

=Tr[@t%(t)H(t)] + Tr[%(t)@tH(t)], (11)

where H(t) introduced in Eq. (4) is the Hamiltonian of the
system, we can readily separate the part of the energy change
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(t) =
P

k ✏k(t)|rk(t)ihrk(t)|

Re
m

in
d
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as =
Õ

i rk Ēi , where Ēi = hrk |H |rki. Thus, variation of the
internal energy is given by

d =
Õ

kdrk Ēk +
Õ

krk dĒk . (26)

Following the standard steps in decomposing the energy vari-
ations to heat and work, as the change in the population
and in the energies, we can define d̄ =

Õ
k drk Ēk and

d̄ =
Õ

k rkdĒk which are equivalent to Eqs. (15) and (19)
respectively. This decomposition of internal energy varia-
tion leads to di�erent definitions for heat and work compar-
ing the conventional decomposition of internal energy [28],
where the system state is written in the Hamiltonian eigen-
vectors basis. In the conventional method, an equivalent form
for writing internal energy is given by =

Õ
n pnEn, where

pn = hEn |%|Eni =
Õ

k rk hEn |rkihrk |Eni, and its variation is

d =
Õ

n dpn En +
Õ

n pn dEn. (27)

From this equation, the conventional definitions of heat and
work are d̄ c =

Õ
n dpnEn and d̄ c =

Õ
n pndEn, respec-

tively, where superscript c denotes “conventional.”
Here, with our formalism, we showed that a Hamiltonian

can be assigned to part of the energy change that we showed
by d̄ �� [Eq. (17)]. However, a closer inspection of d̄ c

shows that the energy we had assigned to the counterdiabatic
Hamiltonian ( ��) is included in the conventional heat,

d̄ c = d̄ + d̄ �� +
Õ

n

�
h €En |%|Eni + hEn |%| €Eni

�
dt . (28)

Based on the above discussions, here we have a physical ground
why we should write H in the basis of eigenvectors of % when
decomposing the variations of internal energy to heat and
work, rather than writing % in the eigenbasis of H.

Example.—Assume an atom with Hamiltonian H = !0�z
weakly interacts with a Markovian bath such that its evolution
is given by

€%(t) = �i[!0�z, %(t)] + �
�
�x %(t)�x � %(t)

�
. (29)

The change in the internal energy of the atom € = Tr[H €%]
is totally due to the dissipative part of the dynamics and is
equivalent to

€ = �2�!0h�zi, (30)

where h�zi = Tr[�z %(t)]. Now we consider three di�erent
cases:

(i) The initial state of the atom is a thermal state %th =
e�� !0 �z /Tr[e�� !0 �z ] with initial inverse temperature �. In
this case, %(t) is obtained as

%(t) =
Õ

s=0,1
1+(�1)se�2t�+(1+(�1)s+1

e
�2t�)e2�!0

2(1+e2�!0 )
|sihs |, (31)

where {|0i, |1i} constitutes the computational basis. Since
%(t) is diagonal in a time-independent basis, the changes in the
system state are only due to the change in eigenvalues, thus

3

is generator of work production/absorption processes. Using
this formalism, heat rate is obtained by

@̄t = �Tr[{H, �}%], (24)

which is equivalent to Eq. (14). Using Eqs. (18) and (24) one
can assign a Hermitian operator to the work rate �i[H, ] + €H
and heat rate �{H, �}.

is it possible to use this generators to define heat and work
fluctuation relations?

Remark.—One can derive our definitions of heat and work
from another perspective as well. By using eigenvectors of the
system density matrix as a basis, and writing the Hamiltonian
in this basis, the internal energy can be written as =

Õ
i riEi ,

where Ēi = hri |H |rii. Then, variation of the internal energy
is given by

d =
Õ

idri Ēi +
Õ

iridĒi . (25)

Following the standard steps in decomposing the energy vari-
ations to heat and work, as the change in the population
and in the energies, we can define d̄ =

Õ
i dri Ēi and

d̄ =
Õ

i ridĒi which are equivalent to Eqs. (14) and (18)
respectively. This decomposition of internal energy varia-
tion leads to di�erent definitions for heat and work compar-
ing the conventional decomposition of internal energy [7],
where the system state is written in the Hamiltonian eigen-
vectors basis. In the conventional method, an equivalent form
for writing internal energy is given by =

Õ
n pnEn, where

pn = hEn |%|Eni =
Õ

i ri hEn |riihri |Eni, and its variation is

d =
Õ

ndpnEn +
Õ

npndEn. (26)

From this equation, the conventional definitions of heat and
work are d̄ c =

Õ
n dpnEn and d̄ c =

Õ
n pndEn respec-

tively, where the superscript c indicates “conventional” defini-
tions.

Here, with our formalism, we showed that a Hamiltonian can
be assigned to part of the energy change that we showed by
d̄ �� (Eq. (16)). This is while a closer look to d̄ c shows that,
the energy that we assigned to counterdiabatic Hamiltonian is
included in the conventional heat:

d̄ c =d̄ +d̄ �� +
Õ

n

�
h €En |%|Eni + hEn |%| €Eni

�
dt . (27)

Based on the above discussions, here we have a physical ground
why we should write H in the basis of eigenvectors of % when
decomposing the variations of internal energy to heat and
work, rather than writing % in the eigenbasis of H.

E�ciency.—

| €�ni =
�
m�n

h�n | €%|�mi

�n � �m
|�mi (28)

Example.—Assume an atom with Hamiltonian H = !0�z
weakly interacts with a Markovian bath such that its evolution
is given by

€%(t) = �i[!0�z, %(t)] + �(�x %(t)�x � %(t)). (29)

The change in the internal energy of the atom € = Tr[H €%]
is totally due to the dissipative part of the dynamics and is
equivalent to

€ = �2�!0h�zi, (30)

where h�zi = Tr[�z %(t)]. Now we consider two di�erent
cases: (i) The initial state of the atom is a thermal state %th =
e�� !0 �z /Tr[e�� !0 �z ] with initial inverse temperature �. In
this case %(t) is obtained as

%(t) =
Õ

s=0,1
1+(�1)se�2t�+e2�!0 (1�(�1)se�2t�

)

2+2e2�!0
|sihs |, (31)

in which |si, s 2 {0, 1} are computational bases. Since %(t) is
diagonal in the computational basis, the changes in the system
state are only due to the change in eigenvalues, thus the whole
internal energy exchange is due to heat exchange with the
environment, and no work is performed on the system:

@̄t = € = 2�!0e�2t� tanh(�!0). (32)

(ii) The initial state of the atom is a pure state %(0) =
(1/2)(11 + �x) which is a steady state for the dissipative part
of the dynamics L[%(0)] = 0. However, the time evolution of
the state, i.e., %(t) is not an steady state of the dissipative part
and is given by

%(t) = (1/2) 11 + c(t) |0ih1| + c⇤(t) |1ih0|, (33)

where c(t) = e��t
�
� cosh(� t) + (� � 2 i!0) sinh(� t)

�
/(2�)

and � =
q
�2 � 4!2

0. From Eq. (30) it is simple to see that
although the state of the system varies in time, the system
internal energy does not change, € = 0.

By calculating the eigenvalues and the eigenvectors of %(t)
as the following

r± =
1
2
±

e��t

2�

⇣
�2 cosh(2�t) + �� sinh(2�t) � 4!2

0

⌘1/2
,

(34)

p
N±|r±i =

q
�2 cosh(2�t) + �� sinh(2�t) � 4!02

� cosh(�t) + (� + 2i!0) sinh(�t)
|0i ± |1i,

(35)

where N± is normalization factor for |r±i, it can be shown that
both @̄t and @̄t are zero as well.

(iii) Starting from %(0) = (1/2)(11+ (�x +�z)/2) we obtain
the instantaneous state as

[8]
• It remains to see whether under some appropriate condi-

tions the Spohn theorem [6] (positivity of entropy pro-
duction) can also be extended to our trajectory-induced
entropy productiond̄⌅.

• Can one prove a perturbation theorem in the following
form:

%(t) = (1/Z(t)) e��H(t) +O(1/�), (36)

where � is the total duration of the evolution, assuming
that H(t) = H(t/�)?
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which is alongside of the entropy change. The second term in
Eq. (11) does not contain any change in the state, hence leads
to no entropy change. Thus, it is of work type

d̄ H(t) = Tr[�(t)�tH(t)] (12)

We can recast the first term of Eq. (11) as

Tr[�t�(t)H(t)] =
�

n�t�n�n|H(t)|n� (13)
+

�
n�n(��tn|H(t)|n� + �n|H(t)|�tn�)

Looking at the above separation, it is seen that the change in
the first term

d̄ (t) :=
�

n�t�n(t)�n(t)|H(t)|n(t)� (14)

originates from the change in the eigenvalues of the state
which are responsible for the change in the entropy. Hence
this part of the energy change is the heat exchange d̄ . How-
ever the eigenvectors variations leads to the change in the sec-
ond term of Eq. (13), thus

d̄ CD :=
�

n�n(��tn|H(t)|n� + �n|H(t)|�tn�) (15)

This part of the energy exchange is not alongside of an entropy
change in the system, and is generated due to the counterdia-
batic (CD) evolution. This can be explicitly seen by rewriting
this term as

d̄ CD(t) � �iTr
�
[H(t), CD(t)]�(t)

�
. (16)

Hence the total work done by/on the system

d̄ =d̄ CD +d̄ H. (17)

is due to the both driving the system and the CD evolution
along the system trajectory. It is important to note that this
CD term is not related to CD driving of the system Hamilto-
nian rather it is pertinent to the reference Hamiltonian and CD
evolution along the thermal trajectory.

Using Eqs. (10) and (14) and by using the thermal trajectory
representation of the state in Eq. (2) we can obtain the change
in the entropy production � as

d̄� :=d � � d̄

��
�

n�t�n�n|( � H)|n�. (18)

which depends on the difference of the reference Hamiltonian
and the real Hamiltonian of the system. From this equation
it is evident that when the system is thermal at all times, i.e.,
when = H , the entropy production rate is vanishing. This
is equivalent with a reversible dynamics as is expected. En-
tropy production rate is also zero when �t�n = 0 for all n,
that is when the evolution is unitary.

A NOTION OF SECOND LAW

ERGOTROPY AND ITS CONNECTION WITH CD

ENGINEERING HEAT ENGINES WITH OPTIMAL POWER
USING THE STA

SHORTCUT TO MARKOVIANITY?
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originates from the change in the eigenvalues of the state
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this part of the energy change is the heat exchange d̄ . How-
ever the eigenvectors variations leads to the change in the sec-
ond term of Eq. (13), thus
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This part of the energy exchange is not alongside of an entropy
change in the system, and is generated due to the counterdia-
batic (CD) evolution. This can be explicitly seen by rewriting
this term as
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. (16)

Hence the total work done by/on the system

d̄ =d̄ CD +d̄ H. (17)

is due to the both driving the system and the CD evolution
along the system trajectory. It is important to note that this
CD term is not related to CD driving of the system Hamilto-
nian rather it is pertinent to the reference Hamiltonian and CD
evolution along the thermal trajectory.

Using Eqs. (10) and (14) and by using the thermal trajectory
representation of the state in Eq. (2) we can obtain the change
in the entropy production � as
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which depends on the difference of the reference Hamiltonian
and the real Hamiltonian of the system. From this equation
it is evident that when the system is thermal at all times, i.e.,
when = H , the entropy production rate is vanishing. This
is equivalent with a reversible dynamics as is expected. En-
tropy production rate is also zero when �t�n = 0 for all n,
that is when the evolution is unitary.
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which is alongside of the entropy change. The second term in
Eq. (11) does not contain any change in the state, hence leads
to no entropy change. Thus, it is of work type

d̄ H(t) = Tr[�(t)�tH(t)] (12)

We can recast the first term of Eq. (11) as

Tr[�t�(t)H(t)] =
�

n�t�n�n|H(t)|n� (13)
+

�
n�n(��tn|H(t)|n� + �n|H(t)|�tn�)

Looking at the above separation, it is seen that the change in
the first term

d̄ (t) :=
�

n�t�n(t)�n(t)|H(t)|n(t)� (14)

originates from the change in the eigenvalues of the state
which are responsible for the change in the entropy. Hence
this part of the energy change is the heat exchange d̄ . How-
ever the eigenvectors variations leads to the change in the sec-
ond term of Eq. (13), thus

d̄ CD :=
�

n�n(��tn|H(t)|n� + �n|H(t)|�tn�) (15)

This part of the energy exchange is not alongside of an entropy
change in the system, and is generated due to the counterdia-
batic (CD) evolution. This can be explicitly seen by rewriting
this term as

d̄ CD(t) � �iTr
�
[H(t), CD(t)]�(t)

�
. (16)

Hence the total work done by/on the system

d̄ =d̄ CD +d̄ H. (17)

is due to the both driving the system and the CD evolution
along the system trajectory. It is important to note that this
CD term is not related to CD driving of the system Hamilto-
nian rather it is pertinent to the reference Hamiltonian and CD
evolution along the thermal trajectory.

Using Eqs. (10) and (14) and by using the thermal trajectory
representation of the state in Eq. (2) we can obtain the change
in the entropy production � as

d̄� :=d � � d̄

��
�

n�t�n�n|( � H)|n�. (18)

which depends on the difference of the reference Hamiltonian
and the real Hamiltonian of the system. From this equation
it is evident that when the system is thermal at all times, i.e.,
when = H , the entropy production rate is vanishing. This
is equivalent with a reversible dynamics as is expected. En-
tropy production rate is also zero when �t�n = 0 for all n,
that is when the evolution is unitary.
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Using a universal trajectory-based dynamical equation, we formulate an unambiguous separation of the en-
ergy change of an open system into a part which entails entropy change (hence, associated with heat) and a part
which does not lead to entropy change. This formulation obviates the need for the use of virtual transformations
of the instantaneous states to their counterpart passive states. With this separation, we identify a trajectory-
induced ergotropy which is spent to force the system to follow the given trajectory of interest. We show that this
ergotropy is related to the counterdiabatic driving associated with a reference Hamiltonian, called entanglement
Hamiltonian in the context of correlated systems, which identifies the trajectory as a thermal path. Based on
these definitions, we (hope to?) design thermodynamic cycles for quantum heat engines working with highest
possible power and efficiency.

INTRODUCTION

PRELIMINARIES

Consider a quantum system whose evolution is described
by a time-dependent mixed state

�(t) =
�r

n=1�n(t)|n(t)��n(t)|, (1)

where r = rank(�). If �(t) is full rank, i.e., if r = d (where
d is dimension of the system Hilbert space), it can be equiv-
alently described as a thermal state with a reference Hamilto-
nian (t) as

�(t) = e�� (t)/Z(t), (2)

where Z0(t) = Tr[e�� (t)] denotes the partition function,
and � is the inverse temperature (assuming kB = 1). With this
definition, the spectral decomposition of the reference Hamil-
tonian reads

(t) =
�

n�n(t)|n(t)��n(t)|, (3)

where the eigenvalues �n = ���1 log(Z�n). It should be
noted that for a general dynamics is not the same as the
system Hamiltonian. We denote the Hamiltonian of the sys-
tem with

H(t) =
�

�E�(t)|e�(t)��e�(t)|, (4)

which can be time-dependent as well. In a general dynamics
the given �n(t) of Eq. (1) are time-dependent. Hence the time
derivative of the trajectory �(t) can be derived as [1]

�t�(t) = �i[ CD(t), �(t)] +
�

n�t�n(t)|n(t)��n(t)|. (5)

where CD(t) = (t) + (t), and

(t) = i
�

n (|�tn(t)��n(t)| � �n(t)|�tn(t)�|n(t)��n(t)|) .
(6)

Equation (5) can be recast in a Lindblad-like form [2] as

�t� = �i[ CD, �] +
�

mn�mn

�
Lmn�L†

mn � 1
2{L†

mnLmn, �}
�

(7)

where

Lmn(t) = |m(t)��n(t)|, (8)
�mn(t) = �t�m(t)/[r�n(t)]. (9)

HEAT, ERGOTROPY, WORK, AND ENTROPY
PRODUCTION

In Ref. [3] based on a virtual transformation of the instan-
taneous state of the system to its passive state counterpart, the
dissipative part of the energy change has been divided into
two parts. One part is related to the energy change due to
the change of the passive state and the other part which is of
work type (ergotropy) is related to the energy change asso-
ciated to deviation of the instantaneous state from the passive
state (passivity change). Incorporating this virtual transforma-
tion to make the state instantaneously passive introduces some
ambiguity in dynamical accessibility of the definitions of the
heat and ergotropy. In addition including passivity, which is
a concept defined in a specific context for closed systems in
cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible in-
gredients.

Given a trajectory �(t) as Eq. (1), the entropy change along
the trajectory is given by

�t (t) = �Tr[�t�(t) log �(t)] = �
�

n�t�n(t) log �n(t),
(10)

from which it is evident that the change in the eigenvectors
of the density matrix do not have a share in the change of
entropy. By looking at the energy change of the system along
the trajectory as

�t (t) :=�tTr[�(t)H(t)]

=Tr[�t�(t)H(t)] + Tr[�(t)�tH(t)], (11)

where H(t) introduced in Eq. (4) is the Hamiltonian of the
system, we can readily separate the part of the energy change

FIG. 1. A schematic figure to describe di�erent parts of energy
change. Given a trajectory % for a system which is in contact with a
heat bath, part of the energy change in the system is in the form of
heat . Besides the work done on/by the system due to driving the
system by changing its Hamiltonian �, there is another part of the
work �� which is done to force the system to proceed along the
trajectory.

does not contain any change in the state, hence leads to no
entropy change. Thus, it is of work type

@̄t � = Tr[% €H] (12)

where@̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

i €ri hri |H |rii +
Õ

iri(h €ri |H |rii + hri |H | €rii). (13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

i €ri hri |H |rii (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence this part
of the energy change is the heat exchanged̄ . This part of the
energy change, is related to the dissipative part of the dynamics
of Eq. (7),

@̄t = Tr
⇥
D��[%]H

⇤
(15)

However, the eigenvectors variations leads to the change in the
second term of Eq. (13), thus

@̄t �� :=
Õ

iri(h €ri |H |rii + hri |H | €rii). (16)

This part of the energy exchange is not alongside of an entropy
change in the system, hence, it is a trajectory-based ergotropy.
This term is generated due to the counterdiabatic (CD) evolu-
tion to obstruct the system from deviating from the path. This
can be explicitly seen by rewriting this term as

@̄t �� ⌘ �iTr
⇥
[H, ��]%

⇤
= �iTr

⇥
[H, ]%

⇤
. (17)

Hence the total work done by/on the system

d̄ =d̄ �� +d̄ �

= Tr
⇥ �
� i[H, ] + €H

�
%
⇤
. (18)

is due to the both driving the system (d̄ � = Tr[ €H%]) and the
CD evolution along the system trajectory. It is important to
note that this CD term is not related to CD driving of the system
Hamiltonian rather it is pertinent to the reference Hamiltonian
and CD evolution along the thermal trajectory (Fig. 1). The
first law of thermodynamics now reads as

d̄ =d̄ +d̄ . (19)

Using Eqs. (10) and (14) and by using the thermal trajectory
representation of the state in Eq. (2) we can obtain the change
in the entropy production ⌅ as

d̄⌅ :=d � �d̄
⌘�

Õ
i €ri hri |( � H)|riidt. (20)

which depends on the di�erence of the reference Hamiltonian
and the real Hamiltonian of the system. From this equation
it is evident that when the system is thermal at all times, i.e.,
when = H, the entropy production rate vanishes. This is
equivalent with a reversible dynamics as is expected. Entropy
production rate is also zero when €ri = 0 for all is, that is when
the evolution is unitary.

Based on the Spohn’s theorem [6] in a Markovian dynamics
(a linear Lindblad master equation with (time-dependent) posi-
tive rates which can be generally time-dependent) for which the
instantaneous steady state is a Gibbs state %ss = e��H(t)

/Z(t)
with the system Hamiltonian and temperature of the environ-
ment,

d̄⌅ > � d̄ ��. (21)

Based on the above equation the process will be thermody-
namically reversible if d̄ �� = 0. A trivial condition for
reversibility is that % is a thermal state, i.e., % = %ss (since
d̄ �� = �iTr

⇥
[%,H]

⇤
). Another su�cient condition for re-

versibility is that [H, ] = 0.
Remark.—One can describe dynamics of the system, given

in Eq. (7), equivalently through a balanced gain and loss for-
malism [1]. Within the context of balanced gain and loss
dynamical equations, in which the dynamics is described by a
non-Hermitian generator, evolution of any density matrix can
be decomposed into two parts: a coherent (gain) part, which
is similar to the coherent part of Eq. (5), is related to the rota-
tion of the eigenvectors of the density matrix, and a dissipative
(loss) part which is related to the changes of the eigenval-
ues. This decomposition can be readily seen by looking at the
generator of the dynamics which is given by a non-Hermitian
operator H��(t) = ��(t) + i�(t), such that

� =
�1
2
Õ

i

�
€ri(t)/ri(t)

�
|riihri |, (22)

is Hermitian, and

€% = �i[[H��, %]], (23)

where [[A, B]] = AB�B†A† is the dynamical equation. Here i�
is generator of heat production/absorption processes and ��
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Introduction.—
Preliminaries.—Consider a quantum system whose evolu-

tion is described by a time-dependent mixed state

%(t) =
Õg

i=1ri(t)|ri(t)ihri(t)|, (1)

where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = d (where d is dimension
of the system Hilbert space), it can be equivalently described
in a Gibbsian form with a reference Hamiltonian as

% = e�� /Z, (2)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� = 1).
With this definition, the spectral decomposition of reads

=
Õ

i✏i |riihri |, (3)

where ✏i = ���1 log(Zri). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ

nEn |EnihEn |, (4)

which can be time-dependent as well. In a general dynamics
the given ri of Eq. (1) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ = 1) [1]

€% = �i[ ��, %] +
Õ

i €ri |riihri |, (5)

where dot denotes @t and �� = + , and

=i
Õ

i (| €riihri | � hri | €rii |riihri |) . (6)

A precursor to the decomposition (5) has been given in Ref. [2].
This equation can be recast in a Lindblad-like form [3] as

€% = �i[ ��, %] +D��[%], (7)

where D��[%] =
Õ

i j�i j
�
Li j %L†

i j
�

1
2 {L†

i j
Li j, %}

�
, and

Li j = |riihrj |, (8)
�i j = €ri/(g rj). (9)

Heat, work, ergotropy, and entropy production.—In Ref. [4]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €�(t)H(t)]) [5] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]t), which
is “heat” rate; and the other part which is of the work type is
related to the energy change associated to deviation of the in-
stantaneous state from the passive state (Tr[( €%(t)� €⇡(t))H(t)]),
which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory % as Eq. (1), the entropy change
along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

i €ri log ri, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which is
alongside of the entropy change. The second term in Eq. (11)

t
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is generator of work production/absorption processes. Using
this formalism, heat rate is obtained by

@̄t = �Tr[{H, �}%], (24)

which is equivalent to Eq. (14). Using Eqs. (18) and (24) one
can assign a Hermitian operator to the work rate �i[H, ] + €H
and heat rate �{H, �}.

is it possible to use this generators to define heat and work
fluctuation relations?

Remark.—One can derive our definitions of heat and work
from another perspective as well. By using eigenvectors of the
system density matrix as a basis, and writing the Hamiltonian
in this basis, the internal energy can be written as =

Õ
i riEi ,

where Ēi = hri |H |rii. Then, variation of the internal energy
is given by

d =
Õ

idri Ēi +
Õ

iridĒi . (25)

Following the standard steps in decomposing the energy vari-
ations to heat and work, as the change in the population
and in the energies, we can define d̄ =

Õ
i dri Ēi and

d̄ =
Õ

i ridĒi which are equivalent to Eqs. (14) and (18)
respectively. This decomposition of internal energy varia-
tion leads to di�erent definitions for heat and work compar-
ing the conventional decomposition of internal energy [7],
where the system state is written in the Hamiltonian eigen-
vectors basis. In the conventional method, an equivalent form
for writing internal energy is given by =

Õ
n pnEn, where

pn = hEn |%|Eni =
Õ

i ri hEn |riihri |Eni, and its variation is

d =
Õ

ndpnEn +
Õ

npndEn. (26)

From this equation, the conventional definitions of heat and
work are d̄ c =

Õ
n dpnEn and d̄ c =

Õ
n pndEn respec-

tively, where the superscript c indicates “conventional” defini-
tions.

Here, with our formalism, we showed that a Hamiltonian can
be assigned to part of the energy change that we showed by
d̄ �� (Eq. (16)). This is while a closer look to d̄ c shows that,
the energy that we assigned to counterdiabatic Hamiltonian is
included in the conventional heat:

d̄ c =d̄ +d̄ �� +
Õ

n

�
h €En |%|Eni + hEn |%| €Eni

�
dt . (27)

Based on the above discussions, here we have a physical ground
why we should write H in the basis of eigenvectors of % when
decomposing the variations of internal energy to heat and
work, rather than writing % in the eigenbasis of H.

E�ciency.—

| €�ni =
�
m�n

h�n | €%|�mi

�n � �m
|�mi (28)

Example.—Assume an atom with Hamiltonian H = !0�z
weakly interacts with a Markovian bath such that its evolution
is given by

€%(t) = �i[!0�z, %(t)] + �(�x %(t)�x � %(t)). (29)

The change in the internal energy of the atom € = Tr[H €%]
is totally due to the dissipative part of the dynamics and is
equivalent to

€ = �2�!0h�zi, (30)

where h�zi = Tr[�z %(t)]. Now we consider two di�erent
cases: (i) The initial state of the atom is a thermal state %th =
e�� !0 �z /Tr[e�� !0 �z ] with initial inverse temperature �. In
this case %(t) is obtained as

%(t) =
Õ

s=0,1
1+(�1)se�2t�+e2�!0 (1�(�1)se�2t�

)

2+2e2�!0
|sihs |, (31)

in which |si, s 2 {0, 1} are computational bases. Since %(t) is
diagonal in the computational basis, the changes in the system
state are only due to the change in eigenvalues, thus the whole
internal energy exchange is due to heat exchange with the
environment, and no work is performed on the system:

@̄t = € = 2�!0e�2t� tanh(�!0). (32)

(ii) The initial state of the atom is a pure state %(0) =
(1/2)(11 + �x) which is a steady state for the dissipative part
of the dynamics L[%(0)] = 0. However, the time evolution of
the state, i.e., %(t) is not an steady state of the dissipative part
and is given by

%(t) = (1/2) 11 + c(t) |0ih1| + c⇤(t) |1ih0|, (33)

where c(t) = e��t
�
� cosh(� t) + (� � 2 i!0) sinh(� t)

�
/(2�)

and � =
q
�2 � 4!2

0. From Eq. (30) it is simple to see that
although the state of the system varies in time, the system
internal energy does not change, € = 0.

By calculating the eigenvalues and the eigenvectors of %(t)
as the following

r± =
1
2
±

e��t

2�

⇣
�2 cosh(2�t) + �� sinh(2�t) � 4!2

0

⌘1/2
,

(34)

p
N±|r±i =

q
�2 cosh(2�t) + �� sinh(2�t) � 4!02

� cosh(�t) + (� + 2i!0) sinh(�t)
|0i ± |1i,

(35)

where N± is normalization factor for |r±i, it can be shown that
both @̄t and @̄t are zero as well.

(iii) Starting from %(0) = (1/2)(11+ (�x +�z)/2) we obtain
the instantaneous state as

[8]
• It remains to see whether under some appropriate condi-

tions the Spohn theorem [6] (positivity of entropy pro-
duction) can also be extended to our trajectory-induced
entropy productiond̄⌅.

• Can one prove a perturbation theorem in the following
form:

%(t) = (1/Z(t)) e��H(t) +O(1/�), (36)

where � is the total duration of the evolution, assuming
that H(t) = H(t/�)?
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which is alongside of the entropy change. The second term in
Eq. (11) does not contain any change in the state, hence leads
to no entropy change. Thus, it is of work type

d̄ H(t) = Tr[�(t)�tH(t)] (12)

We can recast the first term of Eq. (11) as

Tr[�t�(t)H(t)] =
�

n�t�n�n|H(t)|n� (13)
+

�
n�n(��tn|H(t)|n� + �n|H(t)|�tn�)

Looking at the above separation, it is seen that the change in
the first term

d̄ (t) :=
�

n�t�n(t)�n(t)|H(t)|n(t)� (14)

originates from the change in the eigenvalues of the state
which are responsible for the change in the entropy. Hence
this part of the energy change is the heat exchange d̄ . How-
ever the eigenvectors variations leads to the change in the sec-
ond term of Eq. (13), thus

d̄ CD :=
�

n�n(��tn|H(t)|n� + �n|H(t)|�tn�) (15)

This part of the energy exchange is not alongside of an entropy
change in the system, and is generated due to the counterdia-
batic (CD) evolution. This can be explicitly seen by rewriting
this term as

d̄ CD(t) � �iTr
�
[H(t), CD(t)]�(t)

�
. (16)

Hence the total work done by/on the system

d̄ =d̄ CD +d̄ H. (17)

is due to the both driving the system and the CD evolution
along the system trajectory. It is important to note that this
CD term is not related to CD driving of the system Hamilto-
nian rather it is pertinent to the reference Hamiltonian and CD
evolution along the thermal trajectory.

Using Eqs. (10) and (14) and by using the thermal trajectory
representation of the state in Eq. (2) we can obtain the change
in the entropy production � as

d̄� :=d � � d̄

��
�

n�t�n�n|( � H)|n�. (18)

which depends on the difference of the reference Hamiltonian
and the real Hamiltonian of the system. From this equation
it is evident that when the system is thermal at all times, i.e.,
when = H , the entropy production rate is vanishing. This
is equivalent with a reversible dynamics as is expected. En-
tropy production rate is also zero when �t�n = 0 for all n,
that is when the evolution is unitary.
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which is alongside of the entropy change. The second term in
Eq. (11) does not contain any change in the state, hence leads
to no entropy change. Thus, it is of work type

d̄ H(t) = Tr[�(t)�tH(t)] (12)

We can recast the first term of Eq. (11) as

Tr[�t�(t)H(t)] =
�

n�t�n�n|H(t)|n� (13)
+

�
n�n(��tn|H(t)|n� + �n|H(t)|�tn�)

Looking at the above separation, it is seen that the change in
the first term

d̄ (t) :=
�

n�t�n(t)�n(t)|H(t)|n(t)� (14)

originates from the change in the eigenvalues of the state
which are responsible for the change in the entropy. Hence
this part of the energy change is the heat exchange d̄ . How-
ever the eigenvectors variations leads to the change in the sec-
ond term of Eq. (13), thus

d̄ CD :=
�

n�n(��tn|H(t)|n� + �n|H(t)|�tn�) (15)

This part of the energy exchange is not alongside of an entropy
change in the system, and is generated due to the counterdia-
batic (CD) evolution. This can be explicitly seen by rewriting
this term as

d̄ CD(t) � �iTr
�
[H(t), CD(t)]�(t)

�
. (16)

Hence the total work done by/on the system

d̄ =d̄ CD +d̄ H. (17)

is due to the both driving the system and the CD evolution
along the system trajectory. It is important to note that this
CD term is not related to CD driving of the system Hamilto-
nian rather it is pertinent to the reference Hamiltonian and CD
evolution along the thermal trajectory.

Using Eqs. (10) and (14) and by using the thermal trajectory
representation of the state in Eq. (2) we can obtain the change
in the entropy production � as

d̄� :=d � � d̄

��
�

n�t�n�n|( � H)|n�. (18)

which depends on the difference of the reference Hamiltonian
and the real Hamiltonian of the system. From this equation
it is evident that when the system is thermal at all times, i.e.,
when = H , the entropy production rate is vanishing. This
is equivalent with a reversible dynamics as is expected. En-
tropy production rate is also zero when �t�n = 0 for all n,
that is when the evolution is unitary.
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Trajectory-induced ergotropy
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Using a universal trajectory-based dynamical equation, we formulate an unambiguous separation of the en-
ergy change of an open system into a part which entails entropy change (hence, associated with heat) and a part
which does not lead to entropy change. This formulation obviates the need for the use of virtual transformations
of the instantaneous states to their counterpart passive states. With this separation, we identify a trajectory-
induced ergotropy which is spent to force the system to follow the given trajectory of interest. We show that this
ergotropy is related to the counterdiabatic driving associated with a reference Hamiltonian, called entanglement
Hamiltonian in the context of correlated systems, which identifies the trajectory as a thermal path. Based on
these definitions, we (hope to?) design thermodynamic cycles for quantum heat engines working with highest
possible power and efficiency.

INTRODUCTION

PRELIMINARIES

Consider a quantum system whose evolution is described
by a time-dependent mixed state

�(t) =
�r

n=1�n(t)|n(t)��n(t)|, (1)

where r = rank(�). If �(t) is full rank, i.e., if r = d (where
d is dimension of the system Hilbert space), it can be equiv-
alently described as a thermal state with a reference Hamilto-
nian (t) as

�(t) = e�� (t)/Z(t), (2)

where Z0(t) = Tr[e�� (t)] denotes the partition function,
and � is the inverse temperature (assuming kB = 1). With this
definition, the spectral decomposition of the reference Hamil-
tonian reads

(t) =
�

n�n(t)|n(t)��n(t)|, (3)

where the eigenvalues �n = ���1 log(Z�n). It should be
noted that for a general dynamics is not the same as the
system Hamiltonian. We denote the Hamiltonian of the sys-
tem with

H(t) =
�

�E�(t)|e�(t)��e�(t)|, (4)

which can be time-dependent as well. In a general dynamics
the given �n(t) of Eq. (1) are time-dependent. Hence the time
derivative of the trajectory �(t) can be derived as [1]

�t�(t) = �i[ CD(t), �(t)] +
�

n�t�n(t)|n(t)��n(t)|. (5)

where CD(t) = (t) + (t), and

(t) = i
�

n (|�tn(t)��n(t)| � �n(t)|�tn(t)�|n(t)��n(t)|) .
(6)

Equation (5) can be recast in a Lindblad-like form [2] as

�t� = �i[ CD, �] +
�

mn�mn

�
Lmn�L†

mn � 1
2{L†

mnLmn, �}
�

(7)

where

Lmn(t) = |m(t)��n(t)|, (8)
�mn(t) = �t�m(t)/[r�n(t)]. (9)

HEAT, ERGOTROPY, WORK, AND ENTROPY
PRODUCTION

In Ref. [3] based on a virtual transformation of the instan-
taneous state of the system to its passive state counterpart, the
dissipative part of the energy change has been divided into
two parts. One part is related to the energy change due to
the change of the passive state and the other part which is of
work type (ergotropy) is related to the energy change asso-
ciated to deviation of the instantaneous state from the passive
state (passivity change). Incorporating this virtual transforma-
tion to make the state instantaneously passive introduces some
ambiguity in dynamical accessibility of the definitions of the
heat and ergotropy. In addition including passivity, which is
a concept defined in a specific context for closed systems in
cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible in-
gredients.

Given a trajectory �(t) as Eq. (1), the entropy change along
the trajectory is given by

�t (t) = �Tr[�t�(t) log �(t)] = �
�

n�t�n(t) log �n(t),
(10)

from which it is evident that the change in the eigenvectors
of the density matrix do not have a share in the change of
entropy. By looking at the energy change of the system along
the trajectory as

�t (t) :=�tTr[�(t)H(t)]

=Tr[�t�(t)H(t)] + Tr[�(t)�tH(t)], (11)

where H(t) introduced in Eq. (4) is the Hamiltonian of the
system, we can readily separate the part of the energy change

FIG. 1. A schematic figure to describe di�erent parts of energy
change. Given a trajectory % for a system which is in contact with a
heat bath, part of the energy change in the system is in the form of
heat . Besides the work done on/by the system due to driving the
system by changing its Hamiltonian �, there is another part of the
work �� which is done to force the system to proceed along the
trajectory.

does not contain any change in the state, hence leads to no
entropy change. Thus, it is of work type

@̄t � = Tr[% €H] (12)

where@̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

i €ri hri |H |rii +
Õ

iri(h €ri |H |rii + hri |H | €rii). (13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

i €ri hri |H |rii (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence this part
of the energy change is the heat exchanged̄ . This part of the
energy change, is related to the dissipative part of the dynamics
of Eq. (7),

@̄t = Tr
⇥
D��[%]H

⇤
(15)

However, the eigenvectors variations leads to the change in the
second term of Eq. (13), thus

@̄t �� :=
Õ

iri(h €ri |H |rii + hri |H | €rii). (16)

This part of the energy exchange is not alongside of an entropy
change in the system, hence, it is a trajectory-based ergotropy.
This term is generated due to the counterdiabatic (CD) evolu-
tion to obstruct the system from deviating from the path. This
can be explicitly seen by rewriting this term as

@̄t �� ⌘ �iTr
⇥
[H, ��]%

⇤
= �iTr

⇥
[H, ]%

⇤
. (17)

Hence the total work done by/on the system

d̄ =d̄ �� +d̄ �

= Tr
⇥ �
� i[H, ] + €H

�
%
⇤
. (18)

is due to the both driving the system (d̄ � = Tr[ €H%]) and the
CD evolution along the system trajectory. It is important to
note that this CD term is not related to CD driving of the system
Hamiltonian rather it is pertinent to the reference Hamiltonian
and CD evolution along the thermal trajectory (Fig. 1). The
first law of thermodynamics now reads as

d̄ =d̄ +d̄ . (19)

Using Eqs. (10) and (14) and by using the thermal trajectory
representation of the state in Eq. (2) we can obtain the change
in the entropy production ⌅ as

d̄⌅ :=d � �d̄
⌘�

Õ
i €ri hri |( � H)|riidt. (20)

which depends on the di�erence of the reference Hamiltonian
and the real Hamiltonian of the system. From this equation
it is evident that when the system is thermal at all times, i.e.,
when = H, the entropy production rate vanishes. This is
equivalent with a reversible dynamics as is expected. Entropy
production rate is also zero when €ri = 0 for all is, that is when
the evolution is unitary.

Based on the Spohn’s theorem [6] in a Markovian dynamics
(a linear Lindblad master equation with (time-dependent) posi-
tive rates which can be generally time-dependent) for which the
instantaneous steady state is a Gibbs state %ss = e��H(t)

/Z(t)
with the system Hamiltonian and temperature of the environ-
ment,

d̄⌅ > � d̄ ��. (21)

Based on the above equation the process will be thermody-
namically reversible if d̄ �� = 0. A trivial condition for
reversibility is that % is a thermal state, i.e., % = %ss (since
d̄ �� = �iTr

⇥
[%,H]

⇤
). Another su�cient condition for re-

versibility is that [H, ] = 0.
Remark.—One can describe dynamics of the system, given

in Eq. (7), equivalently through a balanced gain and loss for-
malism [1]. Within the context of balanced gain and loss
dynamical equations, in which the dynamics is described by a
non-Hermitian generator, evolution of any density matrix can
be decomposed into two parts: a coherent (gain) part, which
is similar to the coherent part of Eq. (5), is related to the rota-
tion of the eigenvectors of the density matrix, and a dissipative
(loss) part which is related to the changes of the eigenval-
ues. This decomposition can be readily seen by looking at the
generator of the dynamics which is given by a non-Hermitian
operator H��(t) = ��(t) + i�(t), such that

� =
�1
2
Õ

i

�
€ri(t)/ri(t)

�
|riihri |, (22)

is Hermitian, and

€% = �i[[H��, %]], (23)

where [[A, B]] = AB�B†A† is the dynamical equation. Here i�
is generator of heat production/absorption processes and ��
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Introduction.—
Preliminaries.—Consider a quantum system whose evolu-

tion is described by a time-dependent mixed state

%(t) =
Õg

i=1ri(t)|ri(t)ihri(t)|, (1)

where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = d (where d is dimension
of the system Hilbert space), it can be equivalently described
in a Gibbsian form with a reference Hamiltonian as

% = e�� /Z, (2)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� = 1).
With this definition, the spectral decomposition of reads

=
Õ

i✏i |riihri |, (3)

where ✏i = ���1 log(Zri). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ

nEn |EnihEn |, (4)

which can be time-dependent as well. In a general dynamics
the given ri of Eq. (1) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ = 1) [1]

€% = �i[ ��, %] +
Õ

i €ri |riihri |, (5)

where dot denotes @t and �� = + , and

=i
Õ

i (| €riihri | � hri | €rii |riihri |) . (6)

A precursor to the decomposition (5) has been given in Ref. [2].
This equation can be recast in a Lindblad-like form [3] as

€% = �i[ ��, %] +D��[%], (7)

where D��[%] =
Õ

i j�i j
�
Li j %L†

i j
�

1
2 {L†

i j
Li j, %}

�
, and

Li j = |riihrj |, (8)
�i j = €ri/(g rj). (9)

Heat, work, ergotropy, and entropy production.—In Ref. [4]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €�(t)H(t)]) [5] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]t), which
is “heat” rate; and the other part which is of the work type is
related to the energy change associated to deviation of the in-
stantaneous state from the passive state (Tr[( €%(t)� €⇡(t))H(t)]),
which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory % as Eq. (1), the entropy change
along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

i €ri log ri, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which is
alongside of the entropy change. The second term in Eq. (11)

t
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FIG. 2. Derivatives of internal energy, heat, and work vs. time, for an
atom with dynamical equation given in Eq. (29), when � = 0.1 and
!0 = 1. The solid blue curve is @̄t , dashed red curve is @̄t , and
solid orange curve is € . The total internal energy, heat, and work are
� = �0.25, � = �0.138, and � = �0.112, respectively.

as =
Õ

i ri Ēi , where Ēi = hri |H |rii. Thus, variation of the
internal energy is given by

d =
Õ

idri Ēi +
Õ

iri dĒi . (26)

Following the standard steps in decomposing the energy vari-
ations to heat and work, as the change in the population
and in the energies, we can define d̄ =

Õ
i dri Ēi and

d̄ =
Õ

i ridĒi which are equivalent to Eqs. (14) and (18)
respectively. This decomposition of internal energy varia-
tion leads to di�erent definitions for heat and work compar-
ing the conventional decomposition of internal energy [28],
where the system state is written in the Hamiltonian eigen-
vectors basis. In the conventional method, an equivalent form
for writing internal energy is given by =

Õ
n pnEn, where

pn = hEn |%|Eni =
Õ

i ri hEn |riihri |Eni, and its variation is

d =
Õ

n dpn En +
Õ

n pn dEn. (27)

From this equation, the conventional definitions of heat and
work are d̄ c =

Õ
n dpnEn and d̄ c =

Õ
n pndEn, respec-

tively, where superscript c denotes “conventional.”
Here, with our formalism, we showed that a Hamiltonian

can be assigned to part of the energy change that we showed
by d̄ �� [Eq. (16)]. However, a closer inspection of d̄ c

shows that the energy we had assigned to the counterdiabatic
Hamiltonian ( ��) is included in the conventional heat,

d̄ c = d̄ + d̄ �� +
Õ

n

�
h €En |%|Eni + hEn |%| €Eni

�
dt . (28)

Based on the above discussions, here we have a physical ground
why we should write H in the basis of eigenvectors of % when
decomposing the variations of internal energy to heat and
work, rather than writing % in the eigenbasis of H.

Example.—Assume an atom with Hamiltonian H = !0�z
weakly interacts with a Markovian bath such that its evolution
is given by

€%(t) = �i[!0�z, %(t)] + �
�
�x %(t)�x � %(t)

�
. (29)

The change in the internal energy of the atom € = Tr[H €%]
is totally due to the dissipative part of the dynamics and is
equivalent to

€ = �2�!0h�zi, (30)

where h�zi = Tr[�z %(t)]. Now we consider three di�erent
cases:

(i) The initial state of the atom is a thermal state %th =
e�� !0 �z /Tr[e�� !0 �z ] with initial inverse temperature �. In
this case, %(t) is obtained as

%(t) =
Õ

s=0,1
1+(�1)se�2t�+(1+(�1)s+1

e
�2t�)e2�!0

2(1+e2�!0 )
|sihs |, (31)

where {|0i, |1i} constitutes the computational basis. Since
%(t) is diagonal in a time-independent basis, the changes in the
system state are only due to the change in eigenvalues, thus
the whole internal energy exchange is due to the heat exchange
with the environment, and no work is performed on the system:

@̄t = € = 2�!0e�2t� tanh(�!0). (32)

By calculating @̄t c and @̄t c it is seen that they are equiv-
alent to @̄t and @̄t for this special case.

(ii) The initial state of the atom is a pure state %(0) =
(1/2)(11 + �x), from whence

%(t) = (1/2) 11 + c(t) |0ih1| + c⇤(t) |1ih0|, (33)

where c(t) = e��t
�
� cosh(� t) + (� � 2 i!0) sinh(� t)

�
/(2�)

and � =
q
�2 � 4!2

0. From Eq. (30) it is simple to see that
although the state of the system varies in time, the system
internal energy does not change, € = 0. By calculating the
eigenvalues and the eigenvectors of %(t) it can be shown that
both @̄t and @̄t are zero as well (see [29] for more details).
In this case @̄t c = @̄t c = 0 as well.

(iii) Starting from %(0) = (1/2)(11 + (�x + �z)/2) and
obtaining the instantaneous state of the system, we can ob-
tain heat, work, and internal energy change in the system
which is shown in Fig. 2. However, it can be shown that
@̄t c = € = �(�/2)e�2t� and @̄t c = 0. entropy and dissi-
pative energy shold be plotted

Conclusion.— We defined heat and work by directly look-
ing at the time derivative of the system state when using its
spectral decomposition. This way we could unambiguously
separate the shares of the energy change which are related to
the changes of the system eigenvalues accompanied by an en-
tropy change—hence heat—and the share of the energy change
which is related to the changes of the eigenstates with no en-
tropy change—hence dissipative work. We argued that change
of the state due to the dissipative part of a GKLS dynamical
equation is not necessarily leading to an entropy change in
the system and thus the dissipative energy is not necessarily
heat. We then introduced the TB-STA dynamical equation as
a GKLS-like equation whose dissipative part is directly related
to the entropy change in the system. We then illustrated our
results through an explicit example. €

3

is generator of work production/absorption processes. Using
this formalism, heat rate is obtained by

@̄t = �Tr[{H, �}%], (24)

which is equivalent to Eq. (14). Using Eqs. (18) and (24) one
can assign a Hermitian operator to the work rate �i[H, ] + €H
and heat rate �{H, �}.

is it possible to use this generators to define heat and work
fluctuation relations?

Remark.—One can derive our definitions of heat and work
from another perspective as well. By using eigenvectors of the
system density matrix as a basis, and writing the Hamiltonian
in this basis, the internal energy can be written as =

Õ
i riEi ,

where Ēi = hri |H |rii. Then, variation of the internal energy
is given by

d =
Õ

idri Ēi +
Õ

iridĒi . (25)

Following the standard steps in decomposing the energy vari-
ations to heat and work, as the change in the population
and in the energies, we can define d̄ =

Õ
i dri Ēi and

d̄ =
Õ

i ridĒi which are equivalent to Eqs. (14) and (18)
respectively. This decomposition of internal energy varia-
tion leads to di�erent definitions for heat and work compar-
ing the conventional decomposition of internal energy [7],
where the system state is written in the Hamiltonian eigen-
vectors basis. In the conventional method, an equivalent form
for writing internal energy is given by =

Õ
n pnEn, where

pn = hEn |%|Eni =
Õ

i ri hEn |riihri |Eni, and its variation is

d =
Õ

ndpnEn +
Õ

npndEn. (26)

From this equation, the conventional definitions of heat and
work are d̄ c =

Õ
n dpnEn and d̄ c =

Õ
n pndEn respec-

tively, where the superscript c indicates “conventional” defini-
tions.

Here, with our formalism, we showed that a Hamiltonian can
be assigned to part of the energy change that we showed by
d̄ �� (Eq. (16)). This is while a closer look to d̄ c shows that,
the energy that we assigned to counterdiabatic Hamiltonian is
included in the conventional heat:

d̄ c =d̄ +d̄ �� +
Õ

n

�
h €En |%|Eni + hEn |%| €Eni

�
dt . (27)

Based on the above discussions, here we have a physical ground
why we should write H in the basis of eigenvectors of % when
decomposing the variations of internal energy to heat and
work, rather than writing % in the eigenbasis of H.

E�ciency.—

| €�ni =
�
m�n

h�n | €%|�mi

�n � �m
|�mi (28)

Example.—Assume an atom with Hamiltonian H = !0�z
weakly interacts with a Markovian bath such that its evolution
is given by

€%(t) = �i[!0�z, %(t)] + �(�x %(t)�x � %(t)). (29)

The change in the internal energy of the atom € = Tr[H €%]
is totally due to the dissipative part of the dynamics and is
equivalent to

€ = �2�!0h�zi, (30)

where h�zi = Tr[�z %(t)]. Now we consider two di�erent
cases: (i) The initial state of the atom is a thermal state %th =
e�� !0 �z /Tr[e�� !0 �z ] with initial inverse temperature �. In
this case %(t) is obtained as

%(t) =
Õ

s=0,1
1+(�1)se�2t�+e2�!0 (1�(�1)se�2t�

)

2+2e2�!0
|sihs |, (31)

in which |si, s 2 {0, 1} are computational bases. Since %(t) is
diagonal in the computational basis, the changes in the system
state are only due to the change in eigenvalues, thus the whole
internal energy exchange is due to heat exchange with the
environment, and no work is performed on the system:

@̄t = € = 2�!0e�2t� tanh(�!0). (32)

(ii) The initial state of the atom is a pure state %(0) =
(1/2)(11 + �x) which is a steady state for the dissipative part
of the dynamics L[%(0)] = 0. However, the time evolution of
the state, i.e., %(t) is not an steady state of the dissipative part
and is given by

%(t) = (1/2) 11 + c(t) |0ih1| + c⇤(t) |1ih0|, (33)

where c(t) = e��t
�
� cosh(� t) + (� � 2 i!0) sinh(� t)

�
/(2�)

and � =
q
�2 � 4!2

0. From Eq. (30) it is simple to see that
although the state of the system varies in time, the system
internal energy does not change, € = 0.

By calculating the eigenvalues and the eigenvectors of %(t)
as the following

r± =
1
2
±

e��t

2�

⇣
�2 cosh(2�t) + �� sinh(2�t) � 4!2

0

⌘1/2
,

(34)

p
N±|r±i =

q
�2 cosh(2�t) + �� sinh(2�t) � 4!02

� cosh(�t) + (� + 2i!0) sinh(�t)
|0i ± |1i,

(35)

where N± is normalization factor for |r±i, it can be shown that
both @̄t and @̄t are zero as well.

(iii) Starting from %(0) = (1/2)(11+ (�x +�z)/2) we obtain
the instantaneous state as

[8]
• It remains to see whether under some appropriate condi-

tions the Spohn theorem [6] (positivity of entropy pro-
duction) can also be extended to our trajectory-induced
entropy productiond̄⌅.

• Can one prove a perturbation theorem in the following
form:

%(t) = (1/Z(t)) e��H(t) +O(1/�), (36)

where � is the total duration of the evolution, assuming
that H(t) = H(t/�)?

FIG. 2. Derivatives of internal energy, heat, and work vs. time, for
an atom with dynamical equation given in Eq. (30), when � = 0.1
and !0 = 1. The solid blue curve is @̄t , dashed red curve is @̄t ,
and solid orange curve is € . The total internal energy, heat, and work
are � = �0.25, � = �0.138, and � = �0.112, respectively. In
the inset, heat rate and entropy rate has been depicted which shows
that heat follows the behavior of entropy as we expected. This is in
contrast with the behavior of dissipative energy which is equal to €

in this case.

the whole internal energy exchange is due to the heat exchange
with the environment, and no work is performed on the system:

@̄t = € = 2�!0e�2t� tanh(�!0). (32)

By calculating @̄t c and @̄t c it is seen that they are equiv-
alent to @̄t and @̄t for this special case.

(ii) The initial state of the atom is a pure state %(0) =
(1/2)(11 + �x), from whence

%(t) = (1/2) 11 + c(t) |0ih1| + c⇤(t) |1ih0|, (33)

where c(t) = e��t
�
� cosh(� t) + (� � 2 i!0) sinh(� t)

�
/(2�)

and � =
q
�2 � 4!2

0. From Eq. (31) it is simple to see that
although the state of the system varies in time, the system
internal energy does not change, € = 0. By calculating the
eigenvalues and the eigenvectors of %(t) it can be shown that
both @̄t and @̄t are zero as well (see [29] for more details).
In this case @̄t c = @̄t c = 0 as well.

(iii) Starting from %(0) = (1/2)(11 + (�x + �z)/2) and
obtaining the instantaneous state of the system, we can ob-
tain heat, work, and internal energy change in the system
which is shown in Fig. 2. However, it can be shown that
@̄t c = € = �(�/2)e�2t� and @̄t c = 0.

Conclusion.— We defined heat and work by directly look-
ing at the time derivative of the system state when using its
spectral decomposition. This way we could unambiguously
separate the shares of the energy change which are related to
the changes of the system eigenvalues accompanied by an en-
tropy change—hence heat—and the share of the energy change
which is related to the changes of the eigenstates with no en-
tropy change—hence dissipative work. We argued that change
of the state due to the dissipative part of a GKLS dynamical
equation is not necessarily leading to an entropy change in

example: transversal noise
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as =
Õ

i rk Ēi , where Ēi = hrk |H |rki. Thus, variation of the
internal energy is given by

d =
Õ

kdrk Ēk +
Õ

krk dĒk . (26)

Following the standard steps in decomposing the energy vari-
ations to heat and work, as the change in the population
and in the energies, we can define d̄ =

Õ
k drk Ēk and

d̄ =
Õ

k rkdĒk which are equivalent to Eqs. (15) and (19)
respectively. This decomposition of internal energy varia-
tion leads to di�erent definitions for heat and work compar-
ing the conventional decomposition of internal energy [28],
where the system state is written in the Hamiltonian eigen-
vectors basis. In the conventional method, an equivalent form
for writing internal energy is given by =

Õ
n pnEn, where

pn = hEn |%|Eni =
Õ

k rk hEn |rkihrk |Eni, and its variation is

d =
Õ

n dpn En +
Õ

n pn dEn. (27)

From this equation, the conventional definitions of heat and
work are d̄ c =

Õ
n dpnEn and d̄ c =

Õ
n pndEn, respec-

tively, where superscript c denotes “conventional.”
Here, with our formalism, we showed that a Hamiltonian

can be assigned to part of the energy change that we showed
by d̄ �� [Eq. (17)]. However, a closer inspection of d̄ c

shows that the energy we had assigned to the counterdiabatic
Hamiltonian ( ��) is included in the conventional heat,

d̄ c = d̄ + d̄ �� +
Õ

n

�
h €En |%|Eni + hEn |%| €Eni

�
dt . (28)

Based on the above discussions, here we have a physical ground
why we should write H in the basis of eigenvectors of % when
decomposing the variations of internal energy to heat and
work, rather than writing % in the eigenbasis of H.

Example.—Assume an atom with Hamiltonian H = !0�z
weakly interacts with a Markovian bath such that its evolution
is given by

€%(t) = �i[!0�z, %(t)] + �
�
�x %(t)�x � %(t)

�
. (29)

The change in the internal energy of the atom € = Tr[H €%]
is totally due to the dissipative part of the dynamics and is
equivalent to

€ = �2�!0h�zi, (30)

where h�zi = Tr[�z %(t)]. Now we consider three di�erent
cases:

(i) The initial state of the atom is a thermal state %th =
e�� !0 �z /Tr[e�� !0 �z ] with initial inverse temperature �. In
this case, %(t) is obtained as

%(t) =
Õ

s=0,1
1+(�1)se�2t�+(1+(�1)s+1

e
�2t�)e2�!0

2(1+e2�!0 )
|sihs |, (31)

where {|0i, |1i} constitutes the computational basis. Since
%(t) is diagonal in a time-independent basis, the changes in the
system state are only due to the change in eigenvalues, thus
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is generator of work production/absorption processes. Using
this formalism, heat rate is obtained by

@̄t = �Tr[{H, �}%], (24)

which is equivalent to Eq. (14). Using Eqs. (18) and (24) one
can assign a Hermitian operator to the work rate �i[H, ] + €H
and heat rate �{H, �}.

is it possible to use this generators to define heat and work
fluctuation relations?

Remark.—One can derive our definitions of heat and work
from another perspective as well. By using eigenvectors of the
system density matrix as a basis, and writing the Hamiltonian
in this basis, the internal energy can be written as =

Õ
i riEi ,

where Ēi = hri |H |rii. Then, variation of the internal energy
is given by

d =
Õ
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Õ
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ations to heat and work, as the change in the population
and in the energies, we can define d̄ =

Õ
i dri Ēi and

d̄ =
Õ

i ridĒi which are equivalent to Eqs. (14) and (18)
respectively. This decomposition of internal energy varia-
tion leads to di�erent definitions for heat and work compar-
ing the conventional decomposition of internal energy [7],
where the system state is written in the Hamiltonian eigen-
vectors basis. In the conventional method, an equivalent form
for writing internal energy is given by =

Õ
n pnEn, where

pn = hEn |%|Eni =
Õ

i ri hEn |riihri |Eni, and its variation is
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Õ
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Õ

npndEn. (26)

From this equation, the conventional definitions of heat and
work are d̄ c =

Õ
n dpnEn and d̄ c =

Õ
n pndEn respec-

tively, where the superscript c indicates “conventional” defini-
tions.

Here, with our formalism, we showed that a Hamiltonian can
be assigned to part of the energy change that we showed by
d̄ �� (Eq. (16)). This is while a closer look to d̄ c shows that,
the energy that we assigned to counterdiabatic Hamiltonian is
included in the conventional heat:

d̄ c =d̄ +d̄ �� +
Õ

n

�
h €En |%|Eni + hEn |%| €Eni

�
dt . (27)

Based on the above discussions, here we have a physical ground
why we should write H in the basis of eigenvectors of % when
decomposing the variations of internal energy to heat and
work, rather than writing % in the eigenbasis of H.

E�ciency.—

| €�ni =
�
m�n

h�n | €%|�mi

�n � �m
|�mi (28)

Example.—Assume an atom with Hamiltonian H = !0�z
weakly interacts with a Markovian bath such that its evolution
is given by

€%(t) = �i[!0�z, %(t)] + �(�x %(t)�x � %(t)). (29)

The change in the internal energy of the atom € = Tr[H €%]
is totally due to the dissipative part of the dynamics and is
equivalent to

€ = �2�!0h�zi, (30)

where h�zi = Tr[�z %(t)]. Now we consider two di�erent
cases: (i) The initial state of the atom is a thermal state %th =
e�� !0 �z /Tr[e�� !0 �z ] with initial inverse temperature �. In
this case %(t) is obtained as

%(t) =
Õ

s=0,1
1+(�1)se�2t�+e2�!0 (1�(�1)se�2t�

)

2+2e2�!0
|sihs |, (31)

in which |si, s 2 {0, 1} are computational bases. Since %(t) is
diagonal in the computational basis, the changes in the system
state are only due to the change in eigenvalues, thus the whole
internal energy exchange is due to heat exchange with the
environment, and no work is performed on the system:

@̄t = € = 2�!0e�2t� tanh(�!0). (32)

(ii) The initial state of the atom is a pure state %(0) =
(1/2)(11 + �x) which is a steady state for the dissipative part
of the dynamics L[%(0)] = 0. However, the time evolution of
the state, i.e., %(t) is not an steady state of the dissipative part
and is given by

%(t) = (1/2) 11 + c(t) |0ih1| + c⇤(t) |1ih0|, (33)

where c(t) = e��t
�
� cosh(� t) + (� � 2 i!0) sinh(� t)

�
/(2�)

and � =
q
�2 � 4!2

0. From Eq. (30) it is simple to see that
although the state of the system varies in time, the system
internal energy does not change, € = 0.

By calculating the eigenvalues and the eigenvectors of %(t)
as the following

r± =
1
2
±

e��t

2�

⇣
�2 cosh(2�t) + �� sinh(2�t) � 4!2

0

⌘1/2
,

(34)

p
N±|r±i =

q
�2 cosh(2�t) + �� sinh(2�t) � 4!02

� cosh(�t) + (� + 2i!0) sinh(�t)
|0i ± |1i,

(35)

where N± is normalization factor for |r±i, it can be shown that
both @̄t and @̄t are zero as well.

(iii) Starting from %(0) = (1/2)(11+ (�x +�z)/2) we obtain
the instantaneous state as

[8]
• It remains to see whether under some appropriate condi-

tions the Spohn theorem [6] (positivity of entropy pro-
duction) can also be extended to our trajectory-induced
entropy productiond̄⌅.

• Can one prove a perturbation theorem in the following
form:

%(t) = (1/Z(t)) e��H(t) +O(1/�), (36)

where � is the total duration of the evolution, assuming
that H(t) = H(t/�)?
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which is alongside of the entropy change. The second term in
Eq. (11) does not contain any change in the state, hence leads
to no entropy change. Thus, it is of work type

d̄ H(t) = Tr[�(t)�tH(t)] (12)

We can recast the first term of Eq. (11) as

Tr[�t�(t)H(t)] =
�

n�t�n�n|H(t)|n� (13)
+

�
n�n(��tn|H(t)|n� + �n|H(t)|�tn�)

Looking at the above separation, it is seen that the change in
the first term

d̄ (t) :=
�

n�t�n(t)�n(t)|H(t)|n(t)� (14)

originates from the change in the eigenvalues of the state
which are responsible for the change in the entropy. Hence
this part of the energy change is the heat exchange d̄ . How-
ever the eigenvectors variations leads to the change in the sec-
ond term of Eq. (13), thus

d̄ CD :=
�

n�n(��tn|H(t)|n� + �n|H(t)|�tn�) (15)

This part of the energy exchange is not alongside of an entropy
change in the system, and is generated due to the counterdia-
batic (CD) evolution. This can be explicitly seen by rewriting
this term as

d̄ CD(t) � �iTr
�
[H(t), CD(t)]�(t)

�
. (16)

Hence the total work done by/on the system

d̄ =d̄ CD +d̄ H. (17)

is due to the both driving the system and the CD evolution
along the system trajectory. It is important to note that this
CD term is not related to CD driving of the system Hamilto-
nian rather it is pertinent to the reference Hamiltonian and CD
evolution along the thermal trajectory.

Using Eqs. (10) and (14) and by using the thermal trajectory
representation of the state in Eq. (2) we can obtain the change
in the entropy production � as

d̄� :=d � � d̄

��
�

n�t�n�n|( � H)|n�. (18)

which depends on the difference of the reference Hamiltonian
and the real Hamiltonian of the system. From this equation
it is evident that when the system is thermal at all times, i.e.,
when = H , the entropy production rate is vanishing. This
is equivalent with a reversible dynamics as is expected. En-
tropy production rate is also zero when �t�n = 0 for all n,
that is when the evolution is unitary.

A NOTION OF SECOND LAW

ERGOTROPY AND ITS CONNECTION WITH CD

ENGINEERING HEAT ENGINES WITH OPTIMAL POWER
USING THE STA

SHORTCUT TO MARKOVIANITY?
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Trajectory-induced ergotropy
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Using a universal trajectory-based dynamical equation, we formulate an unambiguous separation of the en-
ergy change of an open system into a part which entails entropy change (hence, associated with heat) and a part
which does not lead to entropy change. This formulation obviates the need for the use of virtual transformations
of the instantaneous states to their counterpart passive states. With this separation, we identify a trajectory-
induced ergotropy which is spent to force the system to follow the given trajectory of interest. We show that this
ergotropy is related to the counterdiabatic driving associated with a reference Hamiltonian, called entanglement
Hamiltonian in the context of correlated systems, which identifies the trajectory as a thermal path. Based on
these definitions, we (hope to?) design thermodynamic cycles for quantum heat engines working with highest
possible power and efficiency.

INTRODUCTION

PRELIMINARIES

Consider a quantum system whose evolution is described
by a time-dependent mixed state

�(t) =
�r

n=1�n(t)|n(t)��n(t)|, (1)

where r = rank(�). If �(t) is full rank, i.e., if r = d (where
d is dimension of the system Hilbert space), it can be equiv-
alently described as a thermal state with a reference Hamilto-
nian (t) as

�(t) = e�� (t)/Z(t), (2)

where Z0(t) = Tr[e�� (t)] denotes the partition function,
and � is the inverse temperature (assuming kB = 1). With this
definition, the spectral decomposition of the reference Hamil-
tonian reads

(t) =
�

n�n(t)|n(t)��n(t)|, (3)

where the eigenvalues �n = ���1 log(Z�n). It should be
noted that for a general dynamics is not the same as the
system Hamiltonian. We denote the Hamiltonian of the sys-
tem with

H(t) =
�

�E�(t)|e�(t)��e�(t)|, (4)

which can be time-dependent as well. In a general dynamics
the given �n(t) of Eq. (1) are time-dependent. Hence the time
derivative of the trajectory �(t) can be derived as [1]

�t�(t) = �i[ CD(t), �(t)] +
�

n�t�n(t)|n(t)��n(t)|. (5)

where CD(t) = (t) + (t), and

(t) = i
�

n (|�tn(t)��n(t)| � �n(t)|�tn(t)�|n(t)��n(t)|) .
(6)

Equation (5) can be recast in a Lindblad-like form [2] as

�t� = �i[ CD, �] +
�

mn�mn

�
Lmn�L†

mn � 1
2{L†

mnLmn, �}
�

(7)

where

Lmn(t) = |m(t)��n(t)|, (8)
�mn(t) = �t�m(t)/[r�n(t)]. (9)

HEAT, ERGOTROPY, WORK, AND ENTROPY
PRODUCTION

In Ref. [3] based on a virtual transformation of the instan-
taneous state of the system to its passive state counterpart, the
dissipative part of the energy change has been divided into
two parts. One part is related to the energy change due to
the change of the passive state and the other part which is of
work type (ergotropy) is related to the energy change asso-
ciated to deviation of the instantaneous state from the passive
state (passivity change). Incorporating this virtual transforma-
tion to make the state instantaneously passive introduces some
ambiguity in dynamical accessibility of the definitions of the
heat and ergotropy. In addition including passivity, which is
a concept defined in a specific context for closed systems in
cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible in-
gredients.

Given a trajectory �(t) as Eq. (1), the entropy change along
the trajectory is given by

�t (t) = �Tr[�t�(t) log �(t)] = �
�

n�t�n(t) log �n(t),
(10)

from which it is evident that the change in the eigenvectors
of the density matrix do not have a share in the change of
entropy. By looking at the energy change of the system along
the trajectory as

�t (t) :=�tTr[�(t)H(t)]

=Tr[�t�(t)H(t)] + Tr[�(t)�tH(t)], (11)

where H(t) introduced in Eq. (4) is the Hamiltonian of the
system, we can readily separate the part of the energy change

FIG. 1. A schematic figure to describe di�erent parts of energy
change. Given a trajectory % for a system which is in contact with a
heat bath, part of the energy change in the system is in the form of
heat . Besides the work done on/by the system due to driving the
system by changing its Hamiltonian �, there is another part of the
work �� which is done to force the system to proceed along the
trajectory.

does not contain any change in the state, hence leads to no
entropy change. Thus, it is of work type

@̄t � = Tr[% €H] (12)

where@̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

i €ri hri |H |rii +
Õ

iri(h €ri |H |rii + hri |H | €rii). (13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

i €ri hri |H |rii (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence this part
of the energy change is the heat exchanged̄ . This part of the
energy change, is related to the dissipative part of the dynamics
of Eq. (7),

@̄t = Tr
⇥
D��[%]H

⇤
(15)

However, the eigenvectors variations leads to the change in the
second term of Eq. (13), thus

@̄t �� :=
Õ

iri(h €ri |H |rii + hri |H | €rii). (16)

This part of the energy exchange is not alongside of an entropy
change in the system, hence, it is a trajectory-based ergotropy.
This term is generated due to the counterdiabatic (CD) evolu-
tion to obstruct the system from deviating from the path. This
can be explicitly seen by rewriting this term as

@̄t �� ⌘ �iTr
⇥
[H, ��]%

⇤
= �iTr

⇥
[H, ]%

⇤
. (17)

Hence the total work done by/on the system

d̄ =d̄ �� +d̄ �

= Tr
⇥ �
� i[H, ] + €H

�
%
⇤
. (18)

is due to the both driving the system (d̄ � = Tr[ €H%]) and the
CD evolution along the system trajectory. It is important to
note that this CD term is not related to CD driving of the system
Hamiltonian rather it is pertinent to the reference Hamiltonian
and CD evolution along the thermal trajectory (Fig. 1). The
first law of thermodynamics now reads as

d̄ =d̄ +d̄ . (19)

Using Eqs. (10) and (14) and by using the thermal trajectory
representation of the state in Eq. (2) we can obtain the change
in the entropy production ⌅ as

d̄⌅ :=d � �d̄
⌘�

Õ
i €ri hri |( � H)|riidt. (20)

which depends on the di�erence of the reference Hamiltonian
and the real Hamiltonian of the system. From this equation
it is evident that when the system is thermal at all times, i.e.,
when = H, the entropy production rate vanishes. This is
equivalent with a reversible dynamics as is expected. Entropy
production rate is also zero when €ri = 0 for all is, that is when
the evolution is unitary.

Based on the Spohn’s theorem [6] in a Markovian dynamics
(a linear Lindblad master equation with (time-dependent) posi-
tive rates which can be generally time-dependent) for which the
instantaneous steady state is a Gibbs state %ss = e��H(t)

/Z(t)
with the system Hamiltonian and temperature of the environ-
ment,

d̄⌅ > � d̄ ��. (21)

Based on the above equation the process will be thermody-
namically reversible if d̄ �� = 0. A trivial condition for
reversibility is that % is a thermal state, i.e., % = %ss (since
d̄ �� = �iTr

⇥
[%,H]

⇤
). Another su�cient condition for re-

versibility is that [H, ] = 0.
Remark.—One can describe dynamics of the system, given

in Eq. (7), equivalently through a balanced gain and loss for-
malism [1]. Within the context of balanced gain and loss
dynamical equations, in which the dynamics is described by a
non-Hermitian generator, evolution of any density matrix can
be decomposed into two parts: a coherent (gain) part, which
is similar to the coherent part of Eq. (5), is related to the rota-
tion of the eigenvectors of the density matrix, and a dissipative
(loss) part which is related to the changes of the eigenval-
ues. This decomposition can be readily seen by looking at the
generator of the dynamics which is given by a non-Hermitian
operator H��(t) = ��(t) + i�(t), such that

� =
�1
2
Õ

i

�
€ri(t)/ri(t)

�
|riihri |, (22)

is Hermitian, and

€% = �i[[H��, %]], (23)

where [[A, B]] = AB�B†A† is the dynamical equation. Here i�
is generator of heat production/absorption processes and ��
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Using a universal trajectory-based dynamical equation, we formulate an unambiguous separation of the
energy change of an open system into a part which entails entropy change (hence, associated with heat) and a
part which does not lead to entropy change. This formulation obviates the need for the use of passivity or virtual
transformations of the instantaneous states to their counterpart passive states. With this separation, we identify
a trajectory-induced ergotropy which is spent to force the system to follow the given trajectory of interest. We
show that this ergotropy is related to the counterdiabatic driving associated with a reference Hamiltonian, called
entanglement Hamiltonian in the context of correlated systems, which identifies the trajectory as a thermal path.
Based on these definitions, we (hope to?) design thermodynamic cycles for quantum heat engines working with
highest possible power and e�ciency.

Introduction.—
Preliminaries.—Consider a quantum system whose evolu-

tion is described by a time-dependent mixed state

%(t) =
Õg

i=1ri(t)|ri(t)ihri(t)|, (1)

where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = d (where d is dimension
of the system Hilbert space), it can be equivalently described
in a Gibbsian form with a reference Hamiltonian as

% = e�� /Z, (2)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� = 1).
With this definition, the spectral decomposition of reads

=
Õ

i✏i |riihri |, (3)

where ✏i = ���1 log(Zri). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ

nEn |EnihEn |, (4)

which can be time-dependent as well. In a general dynamics
the given ri of Eq. (1) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ = 1) [1]

€% = �i[ ��, %] +
Õ

i €ri |riihri |, (5)

where dot denotes @t and �� = + , and

=i
Õ

i (| €riihri | � hri | €rii |riihri |) . (6)

A precursor to the decomposition (5) has been given in Ref. [2].
This equation can be recast in a Lindblad-like form [3] as

€% = �i[ ��, %] +D��[%], (7)

where D��[%] =
Õ

i j�i j
�
Li j %L†

i j
�

1
2 {L†

i j
Li j, %}

�
, and

Li j = |riihrj |, (8)
�i j = €ri/(g rj). (9)

Heat, work, ergotropy, and entropy production.—In Ref. [4]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €�(t)H(t)]) [5] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]t), which
is “heat” rate; and the other part which is of the work type is
related to the energy change associated to deviation of the in-
stantaneous state from the passive state (Tr[( €%(t)� €⇡(t))H(t)]),
which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory % as Eq. (1), the entropy change
along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

i €ri log ri, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which is
alongside of the entropy change. The second term in Eq. (11)

t
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is generator of work production/absorption processes. Using
this formalism, heat rate is obtained by

@̄t = �Tr[{H, �}%], (24)

which is equivalent to Eq. (14). Using Eqs. (18) and (24) one
can assign a Hermitian operator to the work rate �i[H, ] + €H
and heat rate �{H, �}.

is it possible to use this generators to define heat and work
fluctuation relations?

Remark.—One can derive our definitions of heat and work
from another perspective as well. By using eigenvectors of the
system density matrix as a basis, and writing the Hamiltonian
in this basis, the internal energy can be written as =

Õ
i riEi ,

where Ēi = hri |H |rii. Then, variation of the internal energy
is given by

d =
Õ

idri Ēi +
Õ

iridĒi . (25)

Following the standard steps in decomposing the energy vari-
ations to heat and work, as the change in the population
and in the energies, we can define d̄ =

Õ
i dri Ēi and

d̄ =
Õ

i ridĒi which are equivalent to Eqs. (14) and (18)
respectively. This decomposition of internal energy varia-
tion leads to di�erent definitions for heat and work compar-
ing the conventional decomposition of internal energy [7],
where the system state is written in the Hamiltonian eigen-
vectors basis. In the conventional method, an equivalent form
for writing internal energy is given by =

Õ
n pnEn, where

pn = hEn |%|Eni =
Õ

i ri hEn |riihri |Eni, and its variation is

d =
Õ

ndpnEn +
Õ

npndEn. (26)

From this equation, the conventional definitions of heat and
work are d̄ c =

Õ
n dpnEn and d̄ c =

Õ
n pndEn respec-

tively, where the superscript c indicates “conventional” defini-
tions.

Here, with our formalism, we showed that a Hamiltonian can
be assigned to part of the energy change that we showed by
d̄ �� (Eq. (16)). This is while a closer look to d̄ c shows that,
the energy that we assigned to counterdiabatic Hamiltonian is
included in the conventional heat:

d̄ c =d̄ +d̄ �� +
Õ

n

�
h €En |%|Eni + hEn |%| €Eni

�
dt . (27)

Based on the above discussions, here we have a physical ground
why we should write H in the basis of eigenvectors of % when
decomposing the variations of internal energy to heat and
work, rather than writing % in the eigenbasis of H.

E�ciency.—

| €�ni =
�
m�n

h�n | €%|�mi

�n � �m
|�mi (28)

Example.—Assume an atom with Hamiltonian H = !0�z
weakly interacts with a Markovian bath such that its evolution
is given by

€%(t) = �i[!0�z, %(t)] + �(�x %(t)�x � %(t)). (29)

The change in the internal energy of the atom € = Tr[H €%]
is totally due to the dissipative part of the dynamics and is
equivalent to

€ = �2�!0h�zi, (30)

where h�zi = Tr[�z %(t)]. Now we consider two di�erent
cases: (i) The initial state of the atom is a thermal state %th =
e�� !0 �z /Tr[e�� !0 �z ] with initial inverse temperature �. In
this case %(t) is obtained as

%(t) =
Õ

s=0,1
1+(�1)se�2t�+e2�!0 (1�(�1)se�2t�

)

2+2e2�!0
|sihs |, (31)

in which |si, s 2 {0, 1} are computational bases. Since %(t) is
diagonal in the computational basis, the changes in the system
state are only due to the change in eigenvalues, thus the whole
internal energy exchange is due to heat exchange with the
environment, and no work is performed on the system:

@̄t = € = 2�!0e�2t� tanh(�!0). (32)

(ii) The initial state of the atom is a pure state %(0) =
(1/2)(11 + �x) which is a steady state for the dissipative part
of the dynamics L[%(0)] = 0. However, the time evolution of
the state, i.e., %(t) is not an steady state of the dissipative part
and is given by

%(t) = (1/2) 11 + c(t) |0ih1| + c⇤(t) |1ih0|, (33)

where c(t) = e��t
�
� cosh(� t) + (� � 2 i!0) sinh(� t)

�
/(2�)

and � =
q
�2 � 4!2

0. From Eq. (30) it is simple to see that
although the state of the system varies in time, the system
internal energy does not change, € = 0.

By calculating the eigenvalues and the eigenvectors of %(t)
as the following

r± =
1
2
±

e��t

2�

⇣
�2 cosh(2�t) + �� sinh(2�t) � 4!2

0

⌘1/2
,

(34)

p
N±|r±i =

q
�2 cosh(2�t) + �� sinh(2�t) � 4!02

� cosh(�t) + (� + 2i!0) sinh(�t)
|0i ± |1i,

(35)

where N± is normalization factor for |r±i, it can be shown that
both @̄t and @̄t are zero as well.

(iii) Starting from %(0) = (1/2)(11+ (�x +�z)/2) we obtain
the instantaneous state as

[8]
• It remains to see whether under some appropriate condi-

tions the Spohn theorem [6] (positivity of entropy pro-
duction) can also be extended to our trajectory-induced
entropy productiond̄⌅.

• Can one prove a perturbation theorem in the following
form:

%(t) = (1/Z(t)) e��H(t) +O(1/�), (36)

where � is the total duration of the evolution, assuming
that H(t) = H(t/�)?
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which is alongside of the entropy change. The second term in
Eq. (11) does not contain any change in the state, hence leads
to no entropy change. Thus, it is of work type

d̄ H(t) = Tr[�(t)�tH(t)] (12)

We can recast the first term of Eq. (11) as

Tr[�t�(t)H(t)] =
�

n�t�n�n|H(t)|n� (13)
+

�
n�n(��tn|H(t)|n� + �n|H(t)|�tn�)

Looking at the above separation, it is seen that the change in
the first term

d̄ (t) :=
�

n�t�n(t)�n(t)|H(t)|n(t)� (14)

originates from the change in the eigenvalues of the state
which are responsible for the change in the entropy. Hence
this part of the energy change is the heat exchange d̄ . How-
ever the eigenvectors variations leads to the change in the sec-
ond term of Eq. (13), thus

d̄ CD :=
�

n�n(��tn|H(t)|n� + �n|H(t)|�tn�) (15)

This part of the energy exchange is not alongside of an entropy
change in the system, and is generated due to the counterdia-
batic (CD) evolution. This can be explicitly seen by rewriting
this term as

d̄ CD(t) � �iTr
�
[H(t), CD(t)]�(t)

�
. (16)

Hence the total work done by/on the system

d̄ =d̄ CD +d̄ H. (17)

is due to the both driving the system and the CD evolution
along the system trajectory. It is important to note that this
CD term is not related to CD driving of the system Hamilto-
nian rather it is pertinent to the reference Hamiltonian and CD
evolution along the thermal trajectory.

Using Eqs. (10) and (14) and by using the thermal trajectory
representation of the state in Eq. (2) we can obtain the change
in the entropy production � as

d̄� :=d � � d̄

��
�

n�t�n�n|( � H)|n�. (18)

which depends on the difference of the reference Hamiltonian
and the real Hamiltonian of the system. From this equation
it is evident that when the system is thermal at all times, i.e.,
when = H , the entropy production rate is vanishing. This
is equivalent with a reversible dynamics as is expected. En-
tropy production rate is also zero when �t�n = 0 for all n,
that is when the evolution is unitary.
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USING THE STA
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is equivalent with a reversible dynamics as is expected. En-
tropy production rate is also zero when �t�n = 0 for all n,
that is when the evolution is unitary.
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Using a universal trajectory-based dynamical equation, we formulate an unambiguous separation of the en-
ergy change of an open system into a part which entails entropy change (hence, associated with heat) and a part
which does not lead to entropy change. This formulation obviates the need for the use of virtual transformations
of the instantaneous states to their counterpart passive states. With this separation, we identify a trajectory-
induced ergotropy which is spent to force the system to follow the given trajectory of interest. We show that this
ergotropy is related to the counterdiabatic driving associated with a reference Hamiltonian, called entanglement
Hamiltonian in the context of correlated systems, which identifies the trajectory as a thermal path. Based on
these definitions, we (hope to?) design thermodynamic cycles for quantum heat engines working with highest
possible power and efficiency.

INTRODUCTION

PRELIMINARIES

Consider a quantum system whose evolution is described
by a time-dependent mixed state

�(t) =
�r

n=1�n(t)|n(t)��n(t)|, (1)

where r = rank(�). If �(t) is full rank, i.e., if r = d (where
d is dimension of the system Hilbert space), it can be equiv-
alently described as a thermal state with a reference Hamilto-
nian (t) as

�(t) = e�� (t)/Z(t), (2)

where Z0(t) = Tr[e�� (t)] denotes the partition function,
and � is the inverse temperature (assuming kB = 1). With this
definition, the spectral decomposition of the reference Hamil-
tonian reads

(t) =
�

n�n(t)|n(t)��n(t)|, (3)

where the eigenvalues �n = ���1 log(Z�n). It should be
noted that for a general dynamics is not the same as the
system Hamiltonian. We denote the Hamiltonian of the sys-
tem with

H(t) =
�

�E�(t)|e�(t)��e�(t)|, (4)

which can be time-dependent as well. In a general dynamics
the given �n(t) of Eq. (1) are time-dependent. Hence the time
derivative of the trajectory �(t) can be derived as [1]

�t�(t) = �i[ CD(t), �(t)] +
�

n�t�n(t)|n(t)��n(t)|. (5)

where CD(t) = (t) + (t), and

(t) = i
�

n (|�tn(t)��n(t)| � �n(t)|�tn(t)�|n(t)��n(t)|) .
(6)

Equation (5) can be recast in a Lindblad-like form [2] as

�t� = �i[ CD, �] +
�

mn�mn

�
Lmn�L†

mn � 1
2{L†

mnLmn, �}
�

(7)

where

Lmn(t) = |m(t)��n(t)|, (8)
�mn(t) = �t�m(t)/[r�n(t)]. (9)

HEAT, ERGOTROPY, WORK, AND ENTROPY
PRODUCTION

In Ref. [3] based on a virtual transformation of the instan-
taneous state of the system to its passive state counterpart, the
dissipative part of the energy change has been divided into
two parts. One part is related to the energy change due to
the change of the passive state and the other part which is of
work type (ergotropy) is related to the energy change asso-
ciated to deviation of the instantaneous state from the passive
state (passivity change). Incorporating this virtual transforma-
tion to make the state instantaneously passive introduces some
ambiguity in dynamical accessibility of the definitions of the
heat and ergotropy. In addition including passivity, which is
a concept defined in a specific context for closed systems in
cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible in-
gredients.

Given a trajectory �(t) as Eq. (1), the entropy change along
the trajectory is given by

�t (t) = �Tr[�t�(t) log �(t)] = �
�

n�t�n(t) log �n(t),
(10)

from which it is evident that the change in the eigenvectors
of the density matrix do not have a share in the change of
entropy. By looking at the energy change of the system along
the trajectory as

�t (t) :=�tTr[�(t)H(t)]

=Tr[�t�(t)H(t)] + Tr[�(t)�tH(t)], (11)

where H(t) introduced in Eq. (4) is the Hamiltonian of the
system, we can readily separate the part of the energy change

FIG. 1. A schematic figure to describe di�erent parts of energy
change. Given a trajectory % for a system which is in contact with a
heat bath, part of the energy change in the system is in the form of
heat . Besides the work done on/by the system due to driving the
system by changing its Hamiltonian �, there is another part of the
work �� which is done to force the system to proceed along the
trajectory.

does not contain any change in the state, hence leads to no
entropy change. Thus, it is of work type

@̄t � = Tr[% €H] (12)

where@̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

i €ri hri |H |rii +
Õ

iri(h €ri |H |rii + hri |H | €rii). (13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

i €ri hri |H |rii (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence this part
of the energy change is the heat exchanged̄ . This part of the
energy change, is related to the dissipative part of the dynamics
of Eq. (7),

@̄t = Tr
⇥
D��[%]H

⇤
(15)

However, the eigenvectors variations leads to the change in the
second term of Eq. (13), thus

@̄t �� :=
Õ

iri(h €ri |H |rii + hri |H | €rii). (16)

This part of the energy exchange is not alongside of an entropy
change in the system, hence, it is a trajectory-based ergotropy.
This term is generated due to the counterdiabatic (CD) evolu-
tion to obstruct the system from deviating from the path. This
can be explicitly seen by rewriting this term as

@̄t �� ⌘ �iTr
⇥
[H, ��]%

⇤
= �iTr

⇥
[H, ]%

⇤
. (17)

Hence the total work done by/on the system

d̄ =d̄ �� +d̄ �

= Tr
⇥ �
� i[H, ] + €H

�
%
⇤
. (18)

is due to the both driving the system (d̄ � = Tr[ €H%]) and the
CD evolution along the system trajectory. It is important to
note that this CD term is not related to CD driving of the system
Hamiltonian rather it is pertinent to the reference Hamiltonian
and CD evolution along the thermal trajectory (Fig. 1). The
first law of thermodynamics now reads as

d̄ =d̄ +d̄ . (19)

Using Eqs. (10) and (14) and by using the thermal trajectory
representation of the state in Eq. (2) we can obtain the change
in the entropy production ⌅ as

d̄⌅ :=d � �d̄
⌘�

Õ
i €ri hri |( � H)|riidt. (20)

which depends on the di�erence of the reference Hamiltonian
and the real Hamiltonian of the system. From this equation
it is evident that when the system is thermal at all times, i.e.,
when = H, the entropy production rate vanishes. This is
equivalent with a reversible dynamics as is expected. Entropy
production rate is also zero when €ri = 0 for all is, that is when
the evolution is unitary.

Based on the Spohn’s theorem [6] in a Markovian dynamics
(a linear Lindblad master equation with (time-dependent) posi-
tive rates which can be generally time-dependent) for which the
instantaneous steady state is a Gibbs state %ss = e��H(t)

/Z(t)
with the system Hamiltonian and temperature of the environ-
ment,

d̄⌅ > � d̄ ��. (21)

Based on the above equation the process will be thermody-
namically reversible if d̄ �� = 0. A trivial condition for
reversibility is that % is a thermal state, i.e., % = %ss (since
d̄ �� = �iTr

⇥
[%,H]

⇤
). Another su�cient condition for re-

versibility is that [H, ] = 0.
Remark.—One can describe dynamics of the system, given

in Eq. (7), equivalently through a balanced gain and loss for-
malism [1]. Within the context of balanced gain and loss
dynamical equations, in which the dynamics is described by a
non-Hermitian generator, evolution of any density matrix can
be decomposed into two parts: a coherent (gain) part, which
is similar to the coherent part of Eq. (5), is related to the rota-
tion of the eigenvectors of the density matrix, and a dissipative
(loss) part which is related to the changes of the eigenval-
ues. This decomposition can be readily seen by looking at the
generator of the dynamics which is given by a non-Hermitian
operator H��(t) = ��(t) + i�(t), such that

� =
�1
2
Õ

i

�
€ri(t)/ri(t)

�
|riihri |, (22)

is Hermitian, and

€% = �i[[H��, %]], (23)

where [[A, B]] = AB�B†A† is the dynamical equation. Here i�
is generator of heat production/absorption processes and ��
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Using a universal trajectory-based dynamical equation, we formulate an unambiguous separation of the
energy change of an open system into a part which entails entropy change (hence, associated with heat) and a
part which does not lead to entropy change. This formulation obviates the need for the use of passivity or virtual
transformations of the instantaneous states to their counterpart passive states. With this separation, we identify
a trajectory-induced ergotropy which is spent to force the system to follow the given trajectory of interest. We
show that this ergotropy is related to the counterdiabatic driving associated with a reference Hamiltonian, called
entanglement Hamiltonian in the context of correlated systems, which identifies the trajectory as a thermal path.
Based on these definitions, we (hope to?) design thermodynamic cycles for quantum heat engines working with
highest possible power and e�ciency.

Introduction.—
Preliminaries.—Consider a quantum system whose evolu-

tion is described by a time-dependent mixed state

%(t) =
Õg

i=1ri(t)|ri(t)ihri(t)|, (1)

where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = d (where d is dimension
of the system Hilbert space), it can be equivalently described
in a Gibbsian form with a reference Hamiltonian as

% = e�� /Z, (2)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� = 1).
With this definition, the spectral decomposition of reads

=
Õ

i✏i |riihri |, (3)

where ✏i = ���1 log(Zri). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ

nEn |EnihEn |, (4)

which can be time-dependent as well. In a general dynamics
the given ri of Eq. (1) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ = 1) [1]

€% = �i[ ��, %] +
Õ

i €ri |riihri |, (5)

where dot denotes @t and �� = + , and

=i
Õ

i (| €riihri | � hri | €rii |riihri |) . (6)

A precursor to the decomposition (5) has been given in Ref. [2].
This equation can be recast in a Lindblad-like form [3] as

€% = �i[ ��, %] +D��[%], (7)

where D��[%] =
Õ

i j�i j
�
Li j %L†

i j
�

1
2 {L†

i j
Li j, %}

�
, and

Li j = |riihrj |, (8)
�i j = €ri/(g rj). (9)

Heat, work, ergotropy, and entropy production.—In Ref. [4]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €�(t)H(t)]) [5] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]t), which
is “heat” rate; and the other part which is of the work type is
related to the energy change associated to deviation of the in-
stantaneous state from the passive state (Tr[( €%(t)� €⇡(t))H(t)]),
which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory % as Eq. (1), the entropy change
along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

i €ri log ri, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which is
alongside of the entropy change. The second term in Eq. (11)

t
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FIG. 2. Derivatives of internal energy, heat, and work vs. time, for an
atom with dynamical equation given in Eq. (29), when � = 0.1 and
!0 = 1. The solid blue curve is @̄t , dashed red curve is @̄t , and
solid orange curve is € . The total internal energy, heat, and work are
� = �0.25, � = �0.138, and � = �0.112, respectively.

as =
Õ

i ri Ēi , where Ēi = hri |H |rii. Thus, variation of the
internal energy is given by

d =
Õ

idri Ēi +
Õ

iri dĒi . (26)

Following the standard steps in decomposing the energy vari-
ations to heat and work, as the change in the population
and in the energies, we can define d̄ =

Õ
i dri Ēi and

d̄ =
Õ

i ridĒi which are equivalent to Eqs. (14) and (18)
respectively. This decomposition of internal energy varia-
tion leads to di�erent definitions for heat and work compar-
ing the conventional decomposition of internal energy [28],
where the system state is written in the Hamiltonian eigen-
vectors basis. In the conventional method, an equivalent form
for writing internal energy is given by =

Õ
n pnEn, where

pn = hEn |%|Eni =
Õ

i ri hEn |riihri |Eni, and its variation is

d =
Õ

n dpn En +
Õ

n pn dEn. (27)

From this equation, the conventional definitions of heat and
work are d̄ c =

Õ
n dpnEn and d̄ c =

Õ
n pndEn, respec-

tively, where superscript c denotes “conventional.”
Here, with our formalism, we showed that a Hamiltonian

can be assigned to part of the energy change that we showed
by d̄ �� [Eq. (16)]. However, a closer inspection of d̄ c

shows that the energy we had assigned to the counterdiabatic
Hamiltonian ( ��) is included in the conventional heat,

d̄ c = d̄ + d̄ �� +
Õ

n

�
h €En |%|Eni + hEn |%| €Eni

�
dt . (28)

Based on the above discussions, here we have a physical ground
why we should write H in the basis of eigenvectors of % when
decomposing the variations of internal energy to heat and
work, rather than writing % in the eigenbasis of H.

Example.—Assume an atom with Hamiltonian H = !0�z
weakly interacts with a Markovian bath such that its evolution
is given by

€%(t) = �i[!0�z, %(t)] + �
�
�x %(t)�x � %(t)

�
. (29)

The change in the internal energy of the atom € = Tr[H €%]
is totally due to the dissipative part of the dynamics and is
equivalent to

€ = �2�!0h�zi, (30)

where h�zi = Tr[�z %(t)]. Now we consider three di�erent
cases:

(i) The initial state of the atom is a thermal state %th =
e�� !0 �z /Tr[e�� !0 �z ] with initial inverse temperature �. In
this case, %(t) is obtained as

%(t) =
Õ

s=0,1
1+(�1)se�2t�+(1+(�1)s+1

e
�2t�)e2�!0

2(1+e2�!0 )
|sihs |, (31)

where {|0i, |1i} constitutes the computational basis. Since
%(t) is diagonal in a time-independent basis, the changes in the
system state are only due to the change in eigenvalues, thus
the whole internal energy exchange is due to the heat exchange
with the environment, and no work is performed on the system:

@̄t = € = 2�!0e�2t� tanh(�!0). (32)

By calculating @̄t c and @̄t c it is seen that they are equiv-
alent to @̄t and @̄t for this special case.

(ii) The initial state of the atom is a pure state %(0) =
(1/2)(11 + �x), from whence

%(t) = (1/2) 11 + c(t) |0ih1| + c⇤(t) |1ih0|, (33)

where c(t) = e��t
�
� cosh(� t) + (� � 2 i!0) sinh(� t)

�
/(2�)

and � =
q
�2 � 4!2

0. From Eq. (30) it is simple to see that
although the state of the system varies in time, the system
internal energy does not change, € = 0. By calculating the
eigenvalues and the eigenvectors of %(t) it can be shown that
both @̄t and @̄t are zero as well (see [29] for more details).
In this case @̄t c = @̄t c = 0 as well.

(iii) Starting from %(0) = (1/2)(11 + (�x + �z)/2) and
obtaining the instantaneous state of the system, we can ob-
tain heat, work, and internal energy change in the system
which is shown in Fig. 2. However, it can be shown that
@̄t c = € = �(�/2)e�2t� and @̄t c = 0. entropy and dissi-
pative energy shold be plotted

Conclusion.— We defined heat and work by directly look-
ing at the time derivative of the system state when using its
spectral decomposition. This way we could unambiguously
separate the shares of the energy change which are related to
the changes of the system eigenvalues accompanied by an en-
tropy change—hence heat—and the share of the energy change
which is related to the changes of the eigenstates with no en-
tropy change—hence dissipative work. We argued that change
of the state due to the dissipative part of a GKLS dynamical
equation is not necessarily leading to an entropy change in
the system and thus the dissipative energy is not necessarily
heat. We then introduced the TB-STA dynamical equation as
a GKLS-like equation whose dissipative part is directly related
to the entropy change in the system. We then illustrated our
results through an explicit example. €

3

is generator of work production/absorption processes. Using
this formalism, heat rate is obtained by

@̄t = �Tr[{H, �}%], (24)

which is equivalent to Eq. (14). Using Eqs. (18) and (24) one
can assign a Hermitian operator to the work rate �i[H, ] + €H
and heat rate �{H, �}.

is it possible to use this generators to define heat and work
fluctuation relations?

Remark.—One can derive our definitions of heat and work
from another perspective as well. By using eigenvectors of the
system density matrix as a basis, and writing the Hamiltonian
in this basis, the internal energy can be written as =

Õ
i riEi ,

where Ēi = hri |H |rii. Then, variation of the internal energy
is given by

d =
Õ

idri Ēi +
Õ

iridĒi . (25)

Following the standard steps in decomposing the energy vari-
ations to heat and work, as the change in the population
and in the energies, we can define d̄ =

Õ
i dri Ēi and

d̄ =
Õ

i ridĒi which are equivalent to Eqs. (14) and (18)
respectively. This decomposition of internal energy varia-
tion leads to di�erent definitions for heat and work compar-
ing the conventional decomposition of internal energy [7],
where the system state is written in the Hamiltonian eigen-
vectors basis. In the conventional method, an equivalent form
for writing internal energy is given by =

Õ
n pnEn, where

pn = hEn |%|Eni =
Õ

i ri hEn |riihri |Eni, and its variation is

d =
Õ

ndpnEn +
Õ

npndEn. (26)

From this equation, the conventional definitions of heat and
work are d̄ c =

Õ
n dpnEn and d̄ c =

Õ
n pndEn respec-

tively, where the superscript c indicates “conventional” defini-
tions.

Here, with our formalism, we showed that a Hamiltonian can
be assigned to part of the energy change that we showed by
d̄ �� (Eq. (16)). This is while a closer look to d̄ c shows that,
the energy that we assigned to counterdiabatic Hamiltonian is
included in the conventional heat:

d̄ c =d̄ +d̄ �� +
Õ

n

�
h €En |%|Eni + hEn |%| €Eni

�
dt . (27)

Based on the above discussions, here we have a physical ground
why we should write H in the basis of eigenvectors of % when
decomposing the variations of internal energy to heat and
work, rather than writing % in the eigenbasis of H.

E�ciency.—

| €�ni =
�
m�n

h�n | €%|�mi

�n � �m
|�mi (28)

Example.—Assume an atom with Hamiltonian H = !0�z
weakly interacts with a Markovian bath such that its evolution
is given by

€%(t) = �i[!0�z, %(t)] + �(�x %(t)�x � %(t)). (29)

The change in the internal energy of the atom € = Tr[H €%]
is totally due to the dissipative part of the dynamics and is
equivalent to

€ = �2�!0h�zi, (30)

where h�zi = Tr[�z %(t)]. Now we consider two di�erent
cases: (i) The initial state of the atom is a thermal state %th =
e�� !0 �z /Tr[e�� !0 �z ] with initial inverse temperature �. In
this case %(t) is obtained as

%(t) =
Õ

s=0,1
1+(�1)se�2t�+e2�!0 (1�(�1)se�2t�

)

2+2e2�!0
|sihs |, (31)

in which |si, s 2 {0, 1} are computational bases. Since %(t) is
diagonal in the computational basis, the changes in the system
state are only due to the change in eigenvalues, thus the whole
internal energy exchange is due to heat exchange with the
environment, and no work is performed on the system:

@̄t = € = 2�!0e�2t� tanh(�!0). (32)

(ii) The initial state of the atom is a pure state %(0) =
(1/2)(11 + �x) which is a steady state for the dissipative part
of the dynamics L[%(0)] = 0. However, the time evolution of
the state, i.e., %(t) is not an steady state of the dissipative part
and is given by

%(t) = (1/2) 11 + c(t) |0ih1| + c⇤(t) |1ih0|, (33)

where c(t) = e��t
�
� cosh(� t) + (� � 2 i!0) sinh(� t)

�
/(2�)

and � =
q
�2 � 4!2

0. From Eq. (30) it is simple to see that
although the state of the system varies in time, the system
internal energy does not change, € = 0.

By calculating the eigenvalues and the eigenvectors of %(t)
as the following

r± =
1
2
±

e��t

2�

⇣
�2 cosh(2�t) + �� sinh(2�t) � 4!2

0

⌘1/2
,

(34)

p
N±|r±i =

q
�2 cosh(2�t) + �� sinh(2�t) � 4!02

� cosh(�t) + (� + 2i!0) sinh(�t)
|0i ± |1i,

(35)

where N± is normalization factor for |r±i, it can be shown that
both @̄t and @̄t are zero as well.

(iii) Starting from %(0) = (1/2)(11+ (�x +�z)/2) we obtain
the instantaneous state as

[8]
• It remains to see whether under some appropriate condi-

tions the Spohn theorem [6] (positivity of entropy pro-
duction) can also be extended to our trajectory-induced
entropy productiond̄⌅.

• Can one prove a perturbation theorem in the following
form:

%(t) = (1/Z(t)) e��H(t) +O(1/�), (36)

where � is the total duration of the evolution, assuming
that H(t) = H(t/�)?

FIG. 2. Derivatives of internal energy, heat, and work vs. time, for
an atom with dynamical equation given in Eq. (30), when � = 0.1
and !0 = 1. The solid blue curve is @̄t , dashed red curve is @̄t ,
and solid orange curve is € . The total internal energy, heat, and work
are � = �0.25, � = �0.138, and � = �0.112, respectively. In
the inset, heat rate and entropy rate has been depicted which shows
that heat follows the behavior of entropy as we expected. This is in
contrast with the behavior of dissipative energy which is equal to €

in this case.

the whole internal energy exchange is due to the heat exchange
with the environment, and no work is performed on the system:

@̄t = € = 2�!0e�2t� tanh(�!0). (32)

By calculating @̄t c and @̄t c it is seen that they are equiv-
alent to @̄t and @̄t for this special case.

(ii) The initial state of the atom is a pure state %(0) =
(1/2)(11 + �x), from whence

%(t) = (1/2) 11 + c(t) |0ih1| + c⇤(t) |1ih0|, (33)

where c(t) = e��t
�
� cosh(� t) + (� � 2 i!0) sinh(� t)

�
/(2�)

and � =
q
�2 � 4!2

0. From Eq. (31) it is simple to see that
although the state of the system varies in time, the system
internal energy does not change, € = 0. By calculating the
eigenvalues and the eigenvectors of %(t) it can be shown that
both @̄t and @̄t are zero as well (see [29] for more details).
In this case @̄t c = @̄t c = 0 as well.

(iii) Starting from %(0) = (1/2)(11 + (�x + �z)/2) and
obtaining the instantaneous state of the system, we can ob-
tain heat, work, and internal energy change in the system
which is shown in Fig. 2. However, it can be shown that
@̄t c = € = �(�/2)e�2t� and @̄t c = 0.

Conclusion.— We defined heat and work by directly look-
ing at the time derivative of the system state when using its
spectral decomposition. This way we could unambiguously
separate the shares of the energy change which are related to
the changes of the system eigenvalues accompanied by an en-
tropy change—hence heat—and the share of the energy change
which is related to the changes of the eigenstates with no en-
tropy change—hence dissipative work. We argued that change
of the state due to the dissipative part of a GKLS dynamical
equation is not necessarily leading to an entropy change in
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as =
Õ

i rk Ēi , where Ēi = hrk |H |rki. Thus, variation of the
internal energy is given by

d =
Õ

kdrk Ēk +
Õ

krk dĒk . (26)

Following the standard steps in decomposing the energy vari-
ations to heat and work, as the change in the population
and in the energies, we can define d̄ =

Õ
k drk Ēk and

d̄ =
Õ

k rkdĒk which are equivalent to Eqs. (15) and (19)
respectively. This decomposition of internal energy varia-
tion leads to di�erent definitions for heat and work compar-
ing the conventional decomposition of internal energy [28],
where the system state is written in the Hamiltonian eigen-
vectors basis. In the conventional method, an equivalent form
for writing internal energy is given by =

Õ
n pnEn, where

pn = hEn |%|Eni =
Õ

k rk hEn |rkihrk |Eni, and its variation is

d =
Õ

n dpn En +
Õ

n pn dEn. (27)

From this equation, the conventional definitions of heat and
work are d̄ c =

Õ
n dpnEn and d̄ c =

Õ
n pndEn, respec-

tively, where superscript c denotes “conventional.”
Here, with our formalism, we showed that a Hamiltonian

can be assigned to part of the energy change that we showed
by d̄ �� [Eq. (17)]. However, a closer inspection of d̄ c

shows that the energy we had assigned to the counterdiabatic
Hamiltonian ( ��) is included in the conventional heat,

d̄ c = d̄ + d̄ �� +
Õ

n

�
h €En |%|Eni + hEn |%| €Eni

�
dt . (28)

Based on the above discussions, here we have a physical ground
why we should write H in the basis of eigenvectors of % when
decomposing the variations of internal energy to heat and
work, rather than writing % in the eigenbasis of H.

Example.—Assume an atom with Hamiltonian H = !0�z
weakly interacts with a Markovian bath such that its evolution
is given by

€%(t) = �i[!0�z, %(t)] + �
�
�x %(t)�x � %(t)

�
. (29)

The change in the internal energy of the atom € = Tr[H €%]
is totally due to the dissipative part of the dynamics and is
equivalent to

€ = �2�!0h�zi, (30)

where h�zi = Tr[�z %(t)]. Now we consider three di�erent
cases:

(i) The initial state of the atom is a thermal state %th =
e�� !0 �z /Tr[e�� !0 �z ] with initial inverse temperature �. In
this case, %(t) is obtained as

%(t) =
Õ

s=0,1
1+(�1)se�2t�+(1+(�1)s+1

e
�2t�)e2�!0

2(1+e2�!0 )
|sihs |, (31)

where {|0i, |1i} constitutes the computational basis. Since
%(t) is diagonal in a time-independent basis, the changes in the
system state are only due to the change in eigenvalues, thus
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is generator of work production/absorption processes. Using
this formalism, heat rate is obtained by

@̄t = �Tr[{H, �}%], (24)

which is equivalent to Eq. (14). Using Eqs. (18) and (24) one
can assign a Hermitian operator to the work rate �i[H, ] + €H
and heat rate �{H, �}.

is it possible to use this generators to define heat and work
fluctuation relations?

Remark.—One can derive our definitions of heat and work
from another perspective as well. By using eigenvectors of the
system density matrix as a basis, and writing the Hamiltonian
in this basis, the internal energy can be written as =

Õ
i riEi ,

where Ēi = hri |H |rii. Then, variation of the internal energy
is given by

d =
Õ

idri Ēi +
Õ

iridĒi . (25)

Following the standard steps in decomposing the energy vari-
ations to heat and work, as the change in the population
and in the energies, we can define d̄ =

Õ
i dri Ēi and

d̄ =
Õ

i ridĒi which are equivalent to Eqs. (14) and (18)
respectively. This decomposition of internal energy varia-
tion leads to di�erent definitions for heat and work compar-
ing the conventional decomposition of internal energy [7],
where the system state is written in the Hamiltonian eigen-
vectors basis. In the conventional method, an equivalent form
for writing internal energy is given by =

Õ
n pnEn, where

pn = hEn |%|Eni =
Õ

i ri hEn |riihri |Eni, and its variation is

d =
Õ

ndpnEn +
Õ

npndEn. (26)

From this equation, the conventional definitions of heat and
work are d̄ c =

Õ
n dpnEn and d̄ c =

Õ
n pndEn respec-

tively, where the superscript c indicates “conventional” defini-
tions.

Here, with our formalism, we showed that a Hamiltonian can
be assigned to part of the energy change that we showed by
d̄ �� (Eq. (16)). This is while a closer look to d̄ c shows that,
the energy that we assigned to counterdiabatic Hamiltonian is
included in the conventional heat:

d̄ c =d̄ +d̄ �� +
Õ

n

�
h €En |%|Eni + hEn |%| €Eni

�
dt . (27)

Based on the above discussions, here we have a physical ground
why we should write H in the basis of eigenvectors of % when
decomposing the variations of internal energy to heat and
work, rather than writing % in the eigenbasis of H.

E�ciency.—

| €�ni =
�
m�n

h�n | €%|�mi

�n � �m
|�mi (28)

Example.—Assume an atom with Hamiltonian H = !0�z
weakly interacts with a Markovian bath such that its evolution
is given by

€%(t) = �i[!0�z, %(t)] + �(�x %(t)�x � %(t)). (29)

The change in the internal energy of the atom € = Tr[H €%]
is totally due to the dissipative part of the dynamics and is
equivalent to

€ = �2�!0h�zi, (30)

where h�zi = Tr[�z %(t)]. Now we consider two di�erent
cases: (i) The initial state of the atom is a thermal state %th =
e�� !0 �z /Tr[e�� !0 �z ] with initial inverse temperature �. In
this case %(t) is obtained as

%(t) =
Õ

s=0,1
1+(�1)se�2t�+e2�!0 (1�(�1)se�2t�

)

2+2e2�!0
|sihs |, (31)

in which |si, s 2 {0, 1} are computational bases. Since %(t) is
diagonal in the computational basis, the changes in the system
state are only due to the change in eigenvalues, thus the whole
internal energy exchange is due to heat exchange with the
environment, and no work is performed on the system:

@̄t = € = 2�!0e�2t� tanh(�!0). (32)

(ii) The initial state of the atom is a pure state %(0) =
(1/2)(11 + �x) which is a steady state for the dissipative part
of the dynamics L[%(0)] = 0. However, the time evolution of
the state, i.e., %(t) is not an steady state of the dissipative part
and is given by

%(t) = (1/2) 11 + c(t) |0ih1| + c⇤(t) |1ih0|, (33)

where c(t) = e��t
�
� cosh(� t) + (� � 2 i!0) sinh(� t)

�
/(2�)

and � =
q
�2 � 4!2

0. From Eq. (30) it is simple to see that
although the state of the system varies in time, the system
internal energy does not change, € = 0.

By calculating the eigenvalues and the eigenvectors of %(t)
as the following

r± =
1
2
±

e��t

2�

⇣
�2 cosh(2�t) + �� sinh(2�t) � 4!2

0

⌘1/2
,

(34)

p
N±|r±i =

q
�2 cosh(2�t) + �� sinh(2�t) � 4!02

� cosh(�t) + (� + 2i!0) sinh(�t)
|0i ± |1i,

(35)

where N± is normalization factor for |r±i, it can be shown that
both @̄t and @̄t are zero as well.

(iii) Starting from %(0) = (1/2)(11+ (�x +�z)/2) we obtain
the instantaneous state as

[8]
• It remains to see whether under some appropriate condi-

tions the Spohn theorem [6] (positivity of entropy pro-
duction) can also be extended to our trajectory-induced
entropy productiond̄⌅.

• Can one prove a perturbation theorem in the following
form:

%(t) = (1/Z(t)) e��H(t) +O(1/�), (36)

where � is the total duration of the evolution, assuming
that H(t) = H(t/�)?
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which is alongside of the entropy change. The second term in
Eq. (11) does not contain any change in the state, hence leads
to no entropy change. Thus, it is of work type

d̄ H(t) = Tr[�(t)�tH(t)] (12)

We can recast the first term of Eq. (11) as

Tr[�t�(t)H(t)] =
�

n�t�n�n|H(t)|n� (13)
+

�
n�n(��tn|H(t)|n� + �n|H(t)|�tn�)

Looking at the above separation, it is seen that the change in
the first term

d̄ (t) :=
�

n�t�n(t)�n(t)|H(t)|n(t)� (14)

originates from the change in the eigenvalues of the state
which are responsible for the change in the entropy. Hence
this part of the energy change is the heat exchange d̄ . How-
ever the eigenvectors variations leads to the change in the sec-
ond term of Eq. (13), thus

d̄ CD :=
�

n�n(��tn|H(t)|n� + �n|H(t)|�tn�) (15)

This part of the energy exchange is not alongside of an entropy
change in the system, and is generated due to the counterdia-
batic (CD) evolution. This can be explicitly seen by rewriting
this term as

d̄ CD(t) � �iTr
�
[H(t), CD(t)]�(t)

�
. (16)

Hence the total work done by/on the system

d̄ =d̄ CD +d̄ H. (17)

is due to the both driving the system and the CD evolution
along the system trajectory. It is important to note that this
CD term is not related to CD driving of the system Hamilto-
nian rather it is pertinent to the reference Hamiltonian and CD
evolution along the thermal trajectory.

Using Eqs. (10) and (14) and by using the thermal trajectory
representation of the state in Eq. (2) we can obtain the change
in the entropy production � as

d̄� :=d � � d̄

��
�

n�t�n�n|( � H)|n�. (18)

which depends on the difference of the reference Hamiltonian
and the real Hamiltonian of the system. From this equation
it is evident that when the system is thermal at all times, i.e.,
when = H , the entropy production rate is vanishing. This
is equivalent with a reversible dynamics as is expected. En-
tropy production rate is also zero when �t�n = 0 for all n,
that is when the evolution is unitary.

A NOTION OF SECOND LAW

ERGOTROPY AND ITS CONNECTION WITH CD

ENGINEERING HEAT ENGINES WITH OPTIMAL POWER
USING THE STA

SHORTCUT TO MARKOVIANITY?
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Trajectory-induced ergotropy

S. Alipour,1 A. T. Rezakhani,2 and T. Ala-Nissila1

1QTF Center of Excellence, Department of Applied Physics,
Aalto University, P. O. Box 11000, FI-00076 Aalto, Espoo, Finland

2Department of Physics, Sharif University of Technology, Tehran 14588, Iran

Using a universal trajectory-based dynamical equation, we formulate an unambiguous separation of the en-
ergy change of an open system into a part which entails entropy change (hence, associated with heat) and a part
which does not lead to entropy change. This formulation obviates the need for the use of virtual transformations
of the instantaneous states to their counterpart passive states. With this separation, we identify a trajectory-
induced ergotropy which is spent to force the system to follow the given trajectory of interest. We show that this
ergotropy is related to the counterdiabatic driving associated with a reference Hamiltonian, called entanglement
Hamiltonian in the context of correlated systems, which identifies the trajectory as a thermal path. Based on
these definitions, we (hope to?) design thermodynamic cycles for quantum heat engines working with highest
possible power and efficiency.

INTRODUCTION

PRELIMINARIES

Consider a quantum system whose evolution is described
by a time-dependent mixed state

�(t) =
�r

n=1�n(t)|n(t)��n(t)|, (1)

where r = rank(�). If �(t) is full rank, i.e., if r = d (where
d is dimension of the system Hilbert space), it can be equiv-
alently described as a thermal state with a reference Hamilto-
nian (t) as

�(t) = e�� (t)/Z(t), (2)

where Z0(t) = Tr[e�� (t)] denotes the partition function,
and � is the inverse temperature (assuming kB = 1). With this
definition, the spectral decomposition of the reference Hamil-
tonian reads

(t) =
�

n�n(t)|n(t)��n(t)|, (3)

where the eigenvalues �n = ���1 log(Z�n). It should be
noted that for a general dynamics is not the same as the
system Hamiltonian. We denote the Hamiltonian of the sys-
tem with

H(t) =
�

�E�(t)|e�(t)��e�(t)|, (4)

which can be time-dependent as well. In a general dynamics
the given �n(t) of Eq. (1) are time-dependent. Hence the time
derivative of the trajectory �(t) can be derived as [1]

�t�(t) = �i[ CD(t), �(t)] +
�

n�t�n(t)|n(t)��n(t)|. (5)

where CD(t) = (t) + (t), and

(t) = i
�

n (|�tn(t)��n(t)| � �n(t)|�tn(t)�|n(t)��n(t)|) .
(6)

Equation (5) can be recast in a Lindblad-like form [2] as

�t� = �i[ CD, �] +
�

mn�mn

�
Lmn�L†

mn � 1
2{L†

mnLmn, �}
�

(7)

where

Lmn(t) = |m(t)��n(t)|, (8)
�mn(t) = �t�m(t)/[r�n(t)]. (9)

HEAT, ERGOTROPY, WORK, AND ENTROPY
PRODUCTION

In Ref. [3] based on a virtual transformation of the instan-
taneous state of the system to its passive state counterpart, the
dissipative part of the energy change has been divided into
two parts. One part is related to the energy change due to
the change of the passive state and the other part which is of
work type (ergotropy) is related to the energy change asso-
ciated to deviation of the instantaneous state from the passive
state (passivity change). Incorporating this virtual transforma-
tion to make the state instantaneously passive introduces some
ambiguity in dynamical accessibility of the definitions of the
heat and ergotropy. In addition including passivity, which is
a concept defined in a specific context for closed systems in
cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible in-
gredients.

Given a trajectory �(t) as Eq. (1), the entropy change along
the trajectory is given by

�t (t) = �Tr[�t�(t) log �(t)] = �
�

n�t�n(t) log �n(t),
(10)

from which it is evident that the change in the eigenvectors
of the density matrix do not have a share in the change of
entropy. By looking at the energy change of the system along
the trajectory as

�t (t) :=�tTr[�(t)H(t)]

=Tr[�t�(t)H(t)] + Tr[�(t)�tH(t)], (11)

where H(t) introduced in Eq. (4) is the Hamiltonian of the
system, we can readily separate the part of the energy change

FIG. 1. A schematic figure to describe di�erent parts of energy
change. Given a trajectory % for a system which is in contact with a
heat bath, part of the energy change in the system is in the form of
heat . Besides the work done on/by the system due to driving the
system by changing its Hamiltonian �, there is another part of the
work �� which is done to force the system to proceed along the
trajectory.

does not contain any change in the state, hence leads to no
entropy change. Thus, it is of work type

@̄t � = Tr[% €H] (12)

where@̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

i €ri hri |H |rii +
Õ

iri(h €ri |H |rii + hri |H | €rii). (13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

i €ri hri |H |rii (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence this part
of the energy change is the heat exchanged̄ . This part of the
energy change, is related to the dissipative part of the dynamics
of Eq. (7),

@̄t = Tr
⇥
D��[%]H

⇤
(15)

However, the eigenvectors variations leads to the change in the
second term of Eq. (13), thus

@̄t �� :=
Õ

iri(h €ri |H |rii + hri |H | €rii). (16)

This part of the energy exchange is not alongside of an entropy
change in the system, hence, it is a trajectory-based ergotropy.
This term is generated due to the counterdiabatic (CD) evolu-
tion to obstruct the system from deviating from the path. This
can be explicitly seen by rewriting this term as

@̄t �� ⌘ �iTr
⇥
[H, ��]%

⇤
= �iTr

⇥
[H, ]%

⇤
. (17)

Hence the total work done by/on the system

d̄ =d̄ �� +d̄ �

= Tr
⇥ �
� i[H, ] + €H

�
%
⇤
. (18)

is due to the both driving the system (d̄ � = Tr[ €H%]) and the
CD evolution along the system trajectory. It is important to
note that this CD term is not related to CD driving of the system
Hamiltonian rather it is pertinent to the reference Hamiltonian
and CD evolution along the thermal trajectory (Fig. 1). The
first law of thermodynamics now reads as

d̄ =d̄ +d̄ . (19)

Using Eqs. (10) and (14) and by using the thermal trajectory
representation of the state in Eq. (2) we can obtain the change
in the entropy production ⌅ as

d̄⌅ :=d � �d̄
⌘�

Õ
i €ri hri |( � H)|riidt. (20)

which depends on the di�erence of the reference Hamiltonian
and the real Hamiltonian of the system. From this equation
it is evident that when the system is thermal at all times, i.e.,
when = H, the entropy production rate vanishes. This is
equivalent with a reversible dynamics as is expected. Entropy
production rate is also zero when €ri = 0 for all is, that is when
the evolution is unitary.

Based on the Spohn’s theorem [6] in a Markovian dynamics
(a linear Lindblad master equation with (time-dependent) posi-
tive rates which can be generally time-dependent) for which the
instantaneous steady state is a Gibbs state %ss = e��H(t)

/Z(t)
with the system Hamiltonian and temperature of the environ-
ment,

d̄⌅ > � d̄ ��. (21)

Based on the above equation the process will be thermody-
namically reversible if d̄ �� = 0. A trivial condition for
reversibility is that % is a thermal state, i.e., % = %ss (since
d̄ �� = �iTr

⇥
[%,H]

⇤
). Another su�cient condition for re-

versibility is that [H, ] = 0.
Remark.—One can describe dynamics of the system, given

in Eq. (7), equivalently through a balanced gain and loss for-
malism [1]. Within the context of balanced gain and loss
dynamical equations, in which the dynamics is described by a
non-Hermitian generator, evolution of any density matrix can
be decomposed into two parts: a coherent (gain) part, which
is similar to the coherent part of Eq. (5), is related to the rota-
tion of the eigenvectors of the density matrix, and a dissipative
(loss) part which is related to the changes of the eigenval-
ues. This decomposition can be readily seen by looking at the
generator of the dynamics which is given by a non-Hermitian
operator H��(t) = ��(t) + i�(t), such that

� =
�1
2
Õ

i

�
€ri(t)/ri(t)

�
|riihri |, (22)

is Hermitian, and

€% = �i[[H��, %]], (23)

where [[A, B]] = AB�B†A† is the dynamical equation. Here i�
is generator of heat production/absorption processes and ��
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Using a universal trajectory-based dynamical equation, we formulate an unambiguous separation of the
energy change of an open system into a part which entails entropy change (hence, associated with heat) and a
part which does not lead to entropy change. This formulation obviates the need for the use of passivity or virtual
transformations of the instantaneous states to their counterpart passive states. With this separation, we identify
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show that this ergotropy is related to the counterdiabatic driving associated with a reference Hamiltonian, called
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Based on these definitions, we (hope to?) design thermodynamic cycles for quantum heat engines working with
highest possible power and e�ciency.

Introduction.—
Preliminaries.—Consider a quantum system whose evolu-

tion is described by a time-dependent mixed state

%(t) =
Õg

i=1ri(t)|ri(t)ihri(t)|, (1)

where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = d (where d is dimension
of the system Hilbert space), it can be equivalently described
in a Gibbsian form with a reference Hamiltonian as

% = e�� /Z, (2)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� = 1).
With this definition, the spectral decomposition of reads

=
Õ

i✏i |riihri |, (3)

where ✏i = ���1 log(Zri). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ

nEn |EnihEn |, (4)

which can be time-dependent as well. In a general dynamics
the given ri of Eq. (1) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ = 1) [1]

€% = �i[ ��, %] +
Õ

i €ri |riihri |, (5)

where dot denotes @t and �� = + , and

=i
Õ

i (| €riihri | � hri | €rii |riihri |) . (6)

A precursor to the decomposition (5) has been given in Ref. [2].
This equation can be recast in a Lindblad-like form [3] as

€% = �i[ ��, %] +D��[%], (7)

where D��[%] =
Õ

i j�i j
�
Li j %L†

i j
�

1
2 {L†

i j
Li j, %}

�
, and

Li j = |riihrj |, (8)
�i j = €ri/(g rj). (9)

Heat, work, ergotropy, and entropy production.—In Ref. [4]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €�(t)H(t)]) [5] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]t), which
is “heat” rate; and the other part which is of the work type is
related to the energy change associated to deviation of the in-
stantaneous state from the passive state (Tr[( €%(t)� €⇡(t))H(t)]),
which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory % as Eq. (1), the entropy change
along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

i €ri log ri, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which is
alongside of the entropy change. The second term in Eq. (11)

t
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is generator of work production/absorption processes. Using
this formalism, heat rate is obtained by

@̄t = �Tr[{H, �}%], (24)

which is equivalent to Eq. (14). Using Eqs. (18) and (24) one
can assign a Hermitian operator to the work rate �i[H, ] + €H
and heat rate �{H, �}.

is it possible to use this generators to define heat and work
fluctuation relations?

Remark.—One can derive our definitions of heat and work
from another perspective as well. By using eigenvectors of the
system density matrix as a basis, and writing the Hamiltonian
in this basis, the internal energy can be written as =

Õ
i riEi ,

where Ēi = hri |H |rii. Then, variation of the internal energy
is given by

d =
Õ

idri Ēi +
Õ

iridĒi . (25)

Following the standard steps in decomposing the energy vari-
ations to heat and work, as the change in the population
and in the energies, we can define d̄ =

Õ
i dri Ēi and

d̄ =
Õ

i ridĒi which are equivalent to Eqs. (14) and (18)
respectively. This decomposition of internal energy varia-
tion leads to di�erent definitions for heat and work compar-
ing the conventional decomposition of internal energy [7],
where the system state is written in the Hamiltonian eigen-
vectors basis. In the conventional method, an equivalent form
for writing internal energy is given by =

Õ
n pnEn, where

pn = hEn |%|Eni =
Õ

i ri hEn |riihri |Eni, and its variation is

d =
Õ

ndpnEn +
Õ

npndEn. (26)

From this equation, the conventional definitions of heat and
work are d̄ c =

Õ
n dpnEn and d̄ c =

Õ
n pndEn respec-

tively, where the superscript c indicates “conventional” defini-
tions.

Here, with our formalism, we showed that a Hamiltonian can
be assigned to part of the energy change that we showed by
d̄ �� (Eq. (16)). This is while a closer look to d̄ c shows that,
the energy that we assigned to counterdiabatic Hamiltonian is
included in the conventional heat:

d̄ c =d̄ +d̄ �� +
Õ

n

�
h €En |%|Eni + hEn |%| €Eni

�
dt . (27)

Based on the above discussions, here we have a physical ground
why we should write H in the basis of eigenvectors of % when
decomposing the variations of internal energy to heat and
work, rather than writing % in the eigenbasis of H.

E�ciency.—

| €�ni =
�
m�n

h�n | €%|�mi

�n � �m
|�mi (28)

Example.—Assume an atom with Hamiltonian H = !0�z
weakly interacts with a Markovian bath such that its evolution
is given by

€%(t) = �i[!0�z, %(t)] + �(�x %(t)�x � %(t)). (29)

The change in the internal energy of the atom € = Tr[H €%]
is totally due to the dissipative part of the dynamics and is
equivalent to

€ = �2�!0h�zi, (30)

where h�zi = Tr[�z %(t)]. Now we consider two di�erent
cases: (i) The initial state of the atom is a thermal state %th =
e�� !0 �z /Tr[e�� !0 �z ] with initial inverse temperature �. In
this case %(t) is obtained as

%(t) =
Õ

s=0,1
1+(�1)se�2t�+e2�!0 (1�(�1)se�2t�

)

2+2e2�!0
|sihs |, (31)

in which |si, s 2 {0, 1} are computational bases. Since %(t) is
diagonal in the computational basis, the changes in the system
state are only due to the change in eigenvalues, thus the whole
internal energy exchange is due to heat exchange with the
environment, and no work is performed on the system:

@̄t = € = 2�!0e�2t� tanh(�!0). (32)

(ii) The initial state of the atom is a pure state %(0) =
(1/2)(11 + �x) which is a steady state for the dissipative part
of the dynamics L[%(0)] = 0. However, the time evolution of
the state, i.e., %(t) is not an steady state of the dissipative part
and is given by

%(t) = (1/2) 11 + c(t) |0ih1| + c⇤(t) |1ih0|, (33)

where c(t) = e��t
�
� cosh(� t) + (� � 2 i!0) sinh(� t)

�
/(2�)

and � =
q
�2 � 4!2

0. From Eq. (30) it is simple to see that
although the state of the system varies in time, the system
internal energy does not change, € = 0.

By calculating the eigenvalues and the eigenvectors of %(t)
as the following

r± =
1
2
±

e��t

2�

⇣
�2 cosh(2�t) + �� sinh(2�t) � 4!2

0

⌘1/2
,

(34)

p
N±|r±i =

q
�2 cosh(2�t) + �� sinh(2�t) � 4!02

� cosh(�t) + (� + 2i!0) sinh(�t)
|0i ± |1i,

(35)

where N± is normalization factor for |r±i, it can be shown that
both @̄t and @̄t are zero as well.

(iii) Starting from %(0) = (1/2)(11+ (�x +�z)/2) we obtain
the instantaneous state as

[8]
• It remains to see whether under some appropriate condi-

tions the Spohn theorem [6] (positivity of entropy pro-
duction) can also be extended to our trajectory-induced
entropy productiond̄⌅.

• Can one prove a perturbation theorem in the following
form:

%(t) = (1/Z(t)) e��H(t) +O(1/�), (36)

where � is the total duration of the evolution, assuming
that H(t) = H(t/�)?
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which is alongside of the entropy change. The second term in
Eq. (11) does not contain any change in the state, hence leads
to no entropy change. Thus, it is of work type

d̄ H(t) = Tr[�(t)�tH(t)] (12)

We can recast the first term of Eq. (11) as

Tr[�t�(t)H(t)] =
�

n�t�n�n|H(t)|n� (13)
+

�
n�n(��tn|H(t)|n� + �n|H(t)|�tn�)

Looking at the above separation, it is seen that the change in
the first term

d̄ (t) :=
�

n�t�n(t)�n(t)|H(t)|n(t)� (14)

originates from the change in the eigenvalues of the state
which are responsible for the change in the entropy. Hence
this part of the energy change is the heat exchange d̄ . How-
ever the eigenvectors variations leads to the change in the sec-
ond term of Eq. (13), thus

d̄ CD :=
�

n�n(��tn|H(t)|n� + �n|H(t)|�tn�) (15)

This part of the energy exchange is not alongside of an entropy
change in the system, and is generated due to the counterdia-
batic (CD) evolution. This can be explicitly seen by rewriting
this term as

d̄ CD(t) � �iTr
�
[H(t), CD(t)]�(t)

�
. (16)

Hence the total work done by/on the system

d̄ =d̄ CD +d̄ H. (17)

is due to the both driving the system and the CD evolution
along the system trajectory. It is important to note that this
CD term is not related to CD driving of the system Hamilto-
nian rather it is pertinent to the reference Hamiltonian and CD
evolution along the thermal trajectory.

Using Eqs. (10) and (14) and by using the thermal trajectory
representation of the state in Eq. (2) we can obtain the change
in the entropy production � as

d̄� :=d � � d̄

��
�

n�t�n�n|( � H)|n�. (18)

which depends on the difference of the reference Hamiltonian
and the real Hamiltonian of the system. From this equation
it is evident that when the system is thermal at all times, i.e.,
when = H , the entropy production rate is vanishing. This
is equivalent with a reversible dynamics as is expected. En-
tropy production rate is also zero when �t�n = 0 for all n,
that is when the evolution is unitary.
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Trajectory-induced ergotropy
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Using a universal trajectory-based dynamical equation, we formulate an unambiguous separation of the en-
ergy change of an open system into a part which entails entropy change (hence, associated with heat) and a part
which does not lead to entropy change. This formulation obviates the need for the use of virtual transformations
of the instantaneous states to their counterpart passive states. With this separation, we identify a trajectory-
induced ergotropy which is spent to force the system to follow the given trajectory of interest. We show that this
ergotropy is related to the counterdiabatic driving associated with a reference Hamiltonian, called entanglement
Hamiltonian in the context of correlated systems, which identifies the trajectory as a thermal path. Based on
these definitions, we (hope to?) design thermodynamic cycles for quantum heat engines working with highest
possible power and efficiency.

INTRODUCTION

PRELIMINARIES

Consider a quantum system whose evolution is described
by a time-dependent mixed state

�(t) =
�r

n=1�n(t)|n(t)��n(t)|, (1)

where r = rank(�). If �(t) is full rank, i.e., if r = d (where
d is dimension of the system Hilbert space), it can be equiv-
alently described as a thermal state with a reference Hamilto-
nian (t) as

�(t) = e�� (t)/Z(t), (2)

where Z0(t) = Tr[e�� (t)] denotes the partition function,
and � is the inverse temperature (assuming kB = 1). With this
definition, the spectral decomposition of the reference Hamil-
tonian reads

(t) =
�

n�n(t)|n(t)��n(t)|, (3)

where the eigenvalues �n = ���1 log(Z�n). It should be
noted that for a general dynamics is not the same as the
system Hamiltonian. We denote the Hamiltonian of the sys-
tem with

H(t) =
�

�E�(t)|e�(t)��e�(t)|, (4)

which can be time-dependent as well. In a general dynamics
the given �n(t) of Eq. (1) are time-dependent. Hence the time
derivative of the trajectory �(t) can be derived as [1]

�t�(t) = �i[ CD(t), �(t)] +
�

n�t�n(t)|n(t)��n(t)|. (5)

where CD(t) = (t) + (t), and

(t) = i
�

n (|�tn(t)��n(t)| � �n(t)|�tn(t)�|n(t)��n(t)|) .
(6)

Equation (5) can be recast in a Lindblad-like form [2] as

�t� = �i[ CD, �] +
�

mn�mn

�
Lmn�L†

mn � 1
2{L†

mnLmn, �}
�

(7)

where

Lmn(t) = |m(t)��n(t)|, (8)
�mn(t) = �t�m(t)/[r�n(t)]. (9)

HEAT, ERGOTROPY, WORK, AND ENTROPY
PRODUCTION

In Ref. [3] based on a virtual transformation of the instan-
taneous state of the system to its passive state counterpart, the
dissipative part of the energy change has been divided into
two parts. One part is related to the energy change due to
the change of the passive state and the other part which is of
work type (ergotropy) is related to the energy change asso-
ciated to deviation of the instantaneous state from the passive
state (passivity change). Incorporating this virtual transforma-
tion to make the state instantaneously passive introduces some
ambiguity in dynamical accessibility of the definitions of the
heat and ergotropy. In addition including passivity, which is
a concept defined in a specific context for closed systems in
cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible in-
gredients.

Given a trajectory �(t) as Eq. (1), the entropy change along
the trajectory is given by

�t (t) = �Tr[�t�(t) log �(t)] = �
�

n�t�n(t) log �n(t),
(10)

from which it is evident that the change in the eigenvectors
of the density matrix do not have a share in the change of
entropy. By looking at the energy change of the system along
the trajectory as

�t (t) :=�tTr[�(t)H(t)]

=Tr[�t�(t)H(t)] + Tr[�(t)�tH(t)], (11)

where H(t) introduced in Eq. (4) is the Hamiltonian of the
system, we can readily separate the part of the energy change

FIG. 1. A schematic figure to describe di�erent parts of energy
change. Given a trajectory % for a system which is in contact with a
heat bath, part of the energy change in the system is in the form of
heat . Besides the work done on/by the system due to driving the
system by changing its Hamiltonian �, there is another part of the
work �� which is done to force the system to proceed along the
trajectory.

does not contain any change in the state, hence leads to no
entropy change. Thus, it is of work type

@̄t � = Tr[% €H] (12)

where@̄t = d̄
dt . We can recast the first term of Eq. (11) as

Tr[ €%H] =
Õ

i €ri hri |H |rii +
Õ

iri(h €ri |H |rii + hri |H | €rii). (13)

Looking at the above separation, it is seen that the change in
the first term

@̄t :=
Õ

i €ri hri |H |rii (14)

originates from the change in the eigenvalues of the state which
are responsible for the change in the entropy. Hence this part
of the energy change is the heat exchanged̄ . This part of the
energy change, is related to the dissipative part of the dynamics
of Eq. (7),

@̄t = Tr
⇥
D��[%]H

⇤
(15)

However, the eigenvectors variations leads to the change in the
second term of Eq. (13), thus

@̄t �� :=
Õ

iri(h €ri |H |rii + hri |H | €rii). (16)

This part of the energy exchange is not alongside of an entropy
change in the system, hence, it is a trajectory-based ergotropy.
This term is generated due to the counterdiabatic (CD) evolu-
tion to obstruct the system from deviating from the path. This
can be explicitly seen by rewriting this term as

@̄t �� ⌘ �iTr
⇥
[H, ��]%

⇤
= �iTr

⇥
[H, ]%

⇤
. (17)

Hence the total work done by/on the system

d̄ =d̄ �� +d̄ �

= Tr
⇥ �
� i[H, ] + €H

�
%
⇤
. (18)

is due to the both driving the system (d̄ � = Tr[ €H%]) and the
CD evolution along the system trajectory. It is important to
note that this CD term is not related to CD driving of the system
Hamiltonian rather it is pertinent to the reference Hamiltonian
and CD evolution along the thermal trajectory (Fig. 1). The
first law of thermodynamics now reads as

d̄ =d̄ +d̄ . (19)

Using Eqs. (10) and (14) and by using the thermal trajectory
representation of the state in Eq. (2) we can obtain the change
in the entropy production ⌅ as

d̄⌅ :=d � �d̄
⌘�

Õ
i €ri hri |( � H)|riidt. (20)

which depends on the di�erence of the reference Hamiltonian
and the real Hamiltonian of the system. From this equation
it is evident that when the system is thermal at all times, i.e.,
when = H, the entropy production rate vanishes. This is
equivalent with a reversible dynamics as is expected. Entropy
production rate is also zero when €ri = 0 for all is, that is when
the evolution is unitary.

Based on the Spohn’s theorem [6] in a Markovian dynamics
(a linear Lindblad master equation with (time-dependent) posi-
tive rates which can be generally time-dependent) for which the
instantaneous steady state is a Gibbs state %ss = e��H(t)

/Z(t)
with the system Hamiltonian and temperature of the environ-
ment,

d̄⌅ > � d̄ ��. (21)

Based on the above equation the process will be thermody-
namically reversible if d̄ �� = 0. A trivial condition for
reversibility is that % is a thermal state, i.e., % = %ss (since
d̄ �� = �iTr

⇥
[%,H]

⇤
). Another su�cient condition for re-

versibility is that [H, ] = 0.
Remark.—One can describe dynamics of the system, given

in Eq. (7), equivalently through a balanced gain and loss for-
malism [1]. Within the context of balanced gain and loss
dynamical equations, in which the dynamics is described by a
non-Hermitian generator, evolution of any density matrix can
be decomposed into two parts: a coherent (gain) part, which
is similar to the coherent part of Eq. (5), is related to the rota-
tion of the eigenvectors of the density matrix, and a dissipative
(loss) part which is related to the changes of the eigenval-
ues. This decomposition can be readily seen by looking at the
generator of the dynamics which is given by a non-Hermitian
operator H��(t) = ��(t) + i�(t), such that

� =
�1
2
Õ

i

�
€ri(t)/ri(t)

�
|riihri |, (22)

is Hermitian, and

€% = �i[[H��, %]], (23)

where [[A, B]] = AB�B†A† is the dynamical equation. Here i�
is generator of heat production/absorption processes and ��

Trajectory-induced (passivity-free) ergotropy for open quantum systems: A mechanical
interpretation

S. Alipour,1 A. T. Rezakhani,2 T. Ala-Nissila,1, 3 and (other contributors)
1QTF Center of Excellence, Department of Applied Physics,

Aalto University, P. O. Box 11000, FI-00076 Aalto, Espoo, Finland
2Department of Physics, Sharif University of Technology, Tehran 14588, Iran

3Interdisciplinary Centre for Mathematical Modelling and Department of Mathematical Sciences,
Loughborough University, Loughborough, Leicestershire LE11 3TU, UK

Using a universal trajectory-based dynamical equation, we formulate an unambiguous separation of the
energy change of an open system into a part which entails entropy change (hence, associated with heat) and a
part which does not lead to entropy change. This formulation obviates the need for the use of passivity or virtual
transformations of the instantaneous states to their counterpart passive states. With this separation, we identify
a trajectory-induced ergotropy which is spent to force the system to follow the given trajectory of interest. We
show that this ergotropy is related to the counterdiabatic driving associated with a reference Hamiltonian, called
entanglement Hamiltonian in the context of correlated systems, which identifies the trajectory as a thermal path.
Based on these definitions, we (hope to?) design thermodynamic cycles for quantum heat engines working with
highest possible power and e�ciency.

Introduction.—
Preliminaries.—Consider a quantum system whose evolu-

tion is described by a time-dependent mixed state

%(t) =
Õg

i=1ri(t)|ri(t)ihri(t)|, (1)

where g = rank(%). For brevity, hereafter we drop all time-
dependence. If % is full-rank, i.e., g = d (where d is dimension
of the system Hilbert space), it can be equivalently described
in a Gibbsian form with a reference Hamiltonian as

% = e�� /Z, (2)

where Z0 = Tr[e�� ] denotes the partition function, and � is
the inverse temperature of the environment (assuming k� = 1).
With this definition, the spectral decomposition of reads

=
Õ

i✏i |riihri |, (3)

where ✏i = ���1 log(Zri). It should be noted that for a general
dynamics is not the same as the system Hamiltonian. We
denote the Hamiltonian of the system with

H =
Õ

nEn |EnihEn |, (4)

which can be time-dependent as well. In a general dynamics
the given ri of Eq. (1) are time-dependent. Hence, the time
derivative of the trajectory % can be derived as (assuming
~ = 1) [1]

€% = �i[ ��, %] +
Õ

i €ri |riihri |, (5)

where dot denotes @t and �� = + , and

=i
Õ

i (| €riihri | � hri | €rii |riihri |) . (6)

A precursor to the decomposition (5) has been given in Ref. [2].
This equation can be recast in a Lindblad-like form [3] as

€% = �i[ ��, %] +D��[%], (7)

where D��[%] =
Õ

i j�i j
�
Li j %L†

i j
�

1
2 {L†

i j
Li j, %}

�
, and

Li j = |riihrj |, (8)
�i j = €ri/(g rj). (9)

Heat, work, ergotropy, and entropy production.—In Ref. [4]
based on a virtual transformation of the instantaneous state of
the system (%(t)) to its counterpart passive state (⇡(t)), the dis-
sipative part of the energy change (Tr[ €�(t)H(t)]) [5] has been
divided into two parts. One part is related to the energy change
due to the change of the passive state (Tr[ €⇡(t)H(t)]t), which
is “heat” rate; and the other part which is of the work type is
related to the energy change associated to deviation of the in-
stantaneous state from the passive state (Tr[( €%(t)� €⇡(t))H(t)]),
which is called “ergotropy” rate. Incorporating this virtual
transformation to make the state instantaneously passive in-
troduces some ambiguity in dynamical accessibility of the
definitions of the heat and ergotropy. In addition including
passivity, which is a concept defined in a specific context for
closed systems in cyclic evolutions, maybe irrelevant.

To remove such ambiguities and make the definition of heat
and ergotropy on a firm ground based on dynamics, here we
introduce a picture which relies on dynamically accessible
ingredients. Given a trajectory % as Eq. (1), the entropy change
along the trajectory is given by

€ = �Tr[ €% log %] = �
Õ

i €ri log ri, (10)

from which it is evident that the change in the eigenvectors of
the density matrix do not have a share in the change of entropy.
By looking at the energy of the system = Tr[%H], its change
along the trajectory is given by

€ = Tr[ €%H] + Tr[% €H], (11)

we can readily separate the part of the energy change which is
alongside of the entropy change. The second term in Eq. (11)

t
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FIG. 2. Derivatives of internal energy, heat, and work vs. time, for an
atom with dynamical equation given in Eq. (29), when � = 0.1 and
!0 = 1. The solid blue curve is @̄t , dashed red curve is @̄t , and
solid orange curve is € . The total internal energy, heat, and work are
� = �0.25, � = �0.138, and � = �0.112, respectively.

as =
Õ

i ri Ēi , where Ēi = hri |H |rii. Thus, variation of the
internal energy is given by

d =
Õ

idri Ēi +
Õ

iri dĒi . (26)

Following the standard steps in decomposing the energy vari-
ations to heat and work, as the change in the population
and in the energies, we can define d̄ =

Õ
i dri Ēi and

d̄ =
Õ

i ridĒi which are equivalent to Eqs. (14) and (18)
respectively. This decomposition of internal energy varia-
tion leads to di�erent definitions for heat and work compar-
ing the conventional decomposition of internal energy [28],
where the system state is written in the Hamiltonian eigen-
vectors basis. In the conventional method, an equivalent form
for writing internal energy is given by =

Õ
n pnEn, where

pn = hEn |%|Eni =
Õ

i ri hEn |riihri |Eni, and its variation is

d =
Õ

n dpn En +
Õ

n pn dEn. (27)

From this equation, the conventional definitions of heat and
work are d̄ c =

Õ
n dpnEn and d̄ c =

Õ
n pndEn, respec-

tively, where superscript c denotes “conventional.”
Here, with our formalism, we showed that a Hamiltonian

can be assigned to part of the energy change that we showed
by d̄ �� [Eq. (16)]. However, a closer inspection of d̄ c

shows that the energy we had assigned to the counterdiabatic
Hamiltonian ( ��) is included in the conventional heat,

d̄ c = d̄ + d̄ �� +
Õ

n

�
h €En |%|Eni + hEn |%| €Eni

�
dt . (28)

Based on the above discussions, here we have a physical ground
why we should write H in the basis of eigenvectors of % when
decomposing the variations of internal energy to heat and
work, rather than writing % in the eigenbasis of H.

Example.—Assume an atom with Hamiltonian H = !0�z
weakly interacts with a Markovian bath such that its evolution
is given by

€%(t) = �i[!0�z, %(t)] + �
�
�x %(t)�x � %(t)

�
. (29)

The change in the internal energy of the atom € = Tr[H €%]
is totally due to the dissipative part of the dynamics and is
equivalent to

€ = �2�!0h�zi, (30)

where h�zi = Tr[�z %(t)]. Now we consider three di�erent
cases:

(i) The initial state of the atom is a thermal state %th =
e�� !0 �z /Tr[e�� !0 �z ] with initial inverse temperature �. In
this case, %(t) is obtained as

%(t) =
Õ

s=0,1
1+(�1)se�2t�+(1+(�1)s+1

e
�2t�)e2�!0

2(1+e2�!0 )
|sihs |, (31)

where {|0i, |1i} constitutes the computational basis. Since
%(t) is diagonal in a time-independent basis, the changes in the
system state are only due to the change in eigenvalues, thus
the whole internal energy exchange is due to the heat exchange
with the environment, and no work is performed on the system:

@̄t = € = 2�!0e�2t� tanh(�!0). (32)

By calculating @̄t c and @̄t c it is seen that they are equiv-
alent to @̄t and @̄t for this special case.

(ii) The initial state of the atom is a pure state %(0) =
(1/2)(11 + �x), from whence

%(t) = (1/2) 11 + c(t) |0ih1| + c⇤(t) |1ih0|, (33)

where c(t) = e��t
�
� cosh(� t) + (� � 2 i!0) sinh(� t)

�
/(2�)

and � =
q
�2 � 4!2

0. From Eq. (30) it is simple to see that
although the state of the system varies in time, the system
internal energy does not change, € = 0. By calculating the
eigenvalues and the eigenvectors of %(t) it can be shown that
both @̄t and @̄t are zero as well (see [29] for more details).
In this case @̄t c = @̄t c = 0 as well.

(iii) Starting from %(0) = (1/2)(11 + (�x + �z)/2) and
obtaining the instantaneous state of the system, we can ob-
tain heat, work, and internal energy change in the system
which is shown in Fig. 2. However, it can be shown that
@̄t c = € = �(�/2)e�2t� and @̄t c = 0. entropy and dissi-
pative energy shold be plotted

Conclusion.— We defined heat and work by directly look-
ing at the time derivative of the system state when using its
spectral decomposition. This way we could unambiguously
separate the shares of the energy change which are related to
the changes of the system eigenvalues accompanied by an en-
tropy change—hence heat—and the share of the energy change
which is related to the changes of the eigenstates with no en-
tropy change—hence dissipative work. We argued that change
of the state due to the dissipative part of a GKLS dynamical
equation is not necessarily leading to an entropy change in
the system and thus the dissipative energy is not necessarily
heat. We then introduced the TB-STA dynamical equation as
a GKLS-like equation whose dissipative part is directly related
to the entropy change in the system. We then illustrated our
results through an explicit example. €

3

is generator of work production/absorption processes. Using
this formalism, heat rate is obtained by

@̄t = �Tr[{H, �}%], (24)

which is equivalent to Eq. (14). Using Eqs. (18) and (24) one
can assign a Hermitian operator to the work rate �i[H, ] + €H
and heat rate �{H, �}.

is it possible to use this generators to define heat and work
fluctuation relations?

Remark.—One can derive our definitions of heat and work
from another perspective as well. By using eigenvectors of the
system density matrix as a basis, and writing the Hamiltonian
in this basis, the internal energy can be written as =

Õ
i riEi ,

where Ēi = hri |H |rii. Then, variation of the internal energy
is given by

d =
Õ

idri Ēi +
Õ

iridĒi . (25)

Following the standard steps in decomposing the energy vari-
ations to heat and work, as the change in the population
and in the energies, we can define d̄ =

Õ
i dri Ēi and

d̄ =
Õ

i ridĒi which are equivalent to Eqs. (14) and (18)
respectively. This decomposition of internal energy varia-
tion leads to di�erent definitions for heat and work compar-
ing the conventional decomposition of internal energy [7],
where the system state is written in the Hamiltonian eigen-
vectors basis. In the conventional method, an equivalent form
for writing internal energy is given by =

Õ
n pnEn, where

pn = hEn |%|Eni =
Õ

i ri hEn |riihri |Eni, and its variation is

d =
Õ

ndpnEn +
Õ

npndEn. (26)

From this equation, the conventional definitions of heat and
work are d̄ c =

Õ
n dpnEn and d̄ c =

Õ
n pndEn respec-

tively, where the superscript c indicates “conventional” defini-
tions.

Here, with our formalism, we showed that a Hamiltonian can
be assigned to part of the energy change that we showed by
d̄ �� (Eq. (16)). This is while a closer look to d̄ c shows that,
the energy that we assigned to counterdiabatic Hamiltonian is
included in the conventional heat:

d̄ c =d̄ +d̄ �� +
Õ

n

�
h €En |%|Eni + hEn |%| €Eni

�
dt . (27)

Based on the above discussions, here we have a physical ground
why we should write H in the basis of eigenvectors of % when
decomposing the variations of internal energy to heat and
work, rather than writing % in the eigenbasis of H.

E�ciency.—

| €�ni =
�
m�n

h�n | €%|�mi

�n � �m
|�mi (28)

Example.—Assume an atom with Hamiltonian H = !0�z
weakly interacts with a Markovian bath such that its evolution
is given by

€%(t) = �i[!0�z, %(t)] + �(�x %(t)�x � %(t)). (29)

The change in the internal energy of the atom € = Tr[H €%]
is totally due to the dissipative part of the dynamics and is
equivalent to

€ = �2�!0h�zi, (30)

where h�zi = Tr[�z %(t)]. Now we consider two di�erent
cases: (i) The initial state of the atom is a thermal state %th =
e�� !0 �z /Tr[e�� !0 �z ] with initial inverse temperature �. In
this case %(t) is obtained as

%(t) =
Õ

s=0,1
1+(�1)se�2t�+e2�!0 (1�(�1)se�2t�

)

2+2e2�!0
|sihs |, (31)

in which |si, s 2 {0, 1} are computational bases. Since %(t) is
diagonal in the computational basis, the changes in the system
state are only due to the change in eigenvalues, thus the whole
internal energy exchange is due to heat exchange with the
environment, and no work is performed on the system:

@̄t = € = 2�!0e�2t� tanh(�!0). (32)

(ii) The initial state of the atom is a pure state %(0) =
(1/2)(11 + �x) which is a steady state for the dissipative part
of the dynamics L[%(0)] = 0. However, the time evolution of
the state, i.e., %(t) is not an steady state of the dissipative part
and is given by

%(t) = (1/2) 11 + c(t) |0ih1| + c⇤(t) |1ih0|, (33)

where c(t) = e��t
�
� cosh(� t) + (� � 2 i!0) sinh(� t)

�
/(2�)

and � =
q
�2 � 4!2

0. From Eq. (30) it is simple to see that
although the state of the system varies in time, the system
internal energy does not change, € = 0.

By calculating the eigenvalues and the eigenvectors of %(t)
as the following

r± =
1
2
±

e��t

2�

⇣
�2 cosh(2�t) + �� sinh(2�t) � 4!2

0

⌘1/2
,

(34)

p
N±|r±i =

q
�2 cosh(2�t) + �� sinh(2�t) � 4!02

� cosh(�t) + (� + 2i!0) sinh(�t)
|0i ± |1i,

(35)

where N± is normalization factor for |r±i, it can be shown that
both @̄t and @̄t are zero as well.

(iii) Starting from %(0) = (1/2)(11+ (�x +�z)/2) we obtain
the instantaneous state as

[8]
• It remains to see whether under some appropriate condi-

tions the Spohn theorem [6] (positivity of entropy pro-
duction) can also be extended to our trajectory-induced
entropy productiond̄⌅.

• Can one prove a perturbation theorem in the following
form:

%(t) = (1/Z(t)) e��H(t) +O(1/�), (36)

where � is the total duration of the evolution, assuming
that H(t) = H(t/�)?

FIG. 2. Derivatives of internal energy, heat, and work vs. time, for
an atom with dynamical equation given in Eq. (30), when � = 0.1
and !0 = 1. The solid blue curve is @̄t , dashed red curve is @̄t ,
and solid orange curve is € . The total internal energy, heat, and work
are � = �0.25, � = �0.138, and � = �0.112, respectively. In
the inset, heat rate and entropy rate has been depicted which shows
that heat follows the behavior of entropy as we expected. This is in
contrast with the behavior of dissipative energy which is equal to €

in this case.

the whole internal energy exchange is due to the heat exchange
with the environment, and no work is performed on the system:

@̄t = € = 2�!0e�2t� tanh(�!0). (32)

By calculating @̄t c and @̄t c it is seen that they are equiv-
alent to @̄t and @̄t for this special case.

(ii) The initial state of the atom is a pure state %(0) =
(1/2)(11 + �x), from whence

%(t) = (1/2) 11 + c(t) |0ih1| + c⇤(t) |1ih0|, (33)

where c(t) = e��t
�
� cosh(� t) + (� � 2 i!0) sinh(� t)

�
/(2�)

and � =
q
�2 � 4!2

0. From Eq. (31) it is simple to see that
although the state of the system varies in time, the system
internal energy does not change, € = 0. By calculating the
eigenvalues and the eigenvectors of %(t) it can be shown that
both @̄t and @̄t are zero as well (see [29] for more details).
In this case @̄t c = @̄t c = 0 as well.

(iii) Starting from %(0) = (1/2)(11 + (�x + �z)/2) and
obtaining the instantaneous state of the system, we can ob-
tain heat, work, and internal energy change in the system
which is shown in Fig. 2. However, it can be shown that
@̄t c = € = �(�/2)e�2t� and @̄t c = 0.

Conclusion.— We defined heat and work by directly look-
ing at the time derivative of the system state when using its
spectral decomposition. This way we could unambiguously
separate the shares of the energy change which are related to
the changes of the system eigenvalues accompanied by an en-
tropy change—hence heat—and the share of the energy change
which is related to the changes of the eigenstates with no en-
tropy change—hence dissipative work. We argued that change
of the state due to the dissipative part of a GKLS dynamical
equation is not necessarily leading to an entropy change in

t
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is the heat exchange always accompanied by an entropy exchange?
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time-independent Hamiltonian
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other hand, if this heat were negative, the work done would have been on the system,
and this would only have amounted to a refrigerator, with no contradictions—the
case when∆Q= 0 does not also contradict anything.
In conclusion, the entropy axiom is completely equivalent to a) universality of

all ideal heat engines, b) the impossibility of perpetual machines of second kind,
and consequently, c) Clausius inequality of eqn.(3.10). Later, we shall show how the
form of second law stating that entropy of thermally isolated systems never decreases
emerges from the Clausius inequality.

3.3.1 Ideal gas Carnot cycle

Let us consider a Carnot cycle whose working substance is an ideal gas. The states
visited during the cycle are (PA,VA,TH),(PB,VB,TH),(PC,VC,TL),(PD,VD,TL). We
have already worked out the infinitesimal version of this cycle: in that case the ef-
ficiency was found to be dM =∆W/QH = dT/TH , where QH is the heat absorbed
from the higher tempeature reservoir and ∆W = QH −QL the work done by the
cycle.

FIGURE 3.5 Finite Carnot cycle

Earlier, in eqn. (3.8) we showed how
Clausius had determined the efficiency
of the infinitesimal ideal gas Carnot cy-
cle to be de = dT/T . Now we show
how the finite cycle works. Such a fi-
nite cycle is shown schematically in
the adjacent figure. The first law tells
that during isothermal changes dQ =
PdV = RT

V dV . Hence the heat QH ab-
sorbed during the isothermal process at
TH is QH = RTH lnVB/VA. Likewise the
heat relinquished at the lower end is
QL = RTL lnVD/VC. Using the expres-
sion for entropy given in eqn.(3.3) the
adiabaticity of the steps BC and DA re-
quires lnVC/VB = lnVD/VA and hence
lnVB/VA = lnVD/VC leading to QH/TH = QL/TL, with the resulting efficiency of
the finite cycle being M = (QH −QL)/QH = 1−TL/TH .
During the isothermal stages ∆Q = ∆W . To compute the work done during the

adiabatic stages, one uses (from first law) that during such changes PdV =−dU and
hence the work done during an adiabatic change is just the negative of the change in
internal energy. But the internal energy for an ideal gas is a function of temperature
alone according to eqn. 3.7. Hence the work done during BC isU(TH)−U(TL) and
that during DA is U(TL)−U(TH), and these cancel each other exactly. Therefore at
the end of the cycle too, the total heat absorbed equals the total work done.
Note that we have not assumed CV to be a constant, so that the treatment given

here is the most general. When CV depends on temperature, it is not straightforward
to get P as a function of V during adiabatic changes, so that an explicit evaluation

isothermal

expansion

isentropic

compression

P

V

classical example: isothermal process in ideal gasses
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no heat, no work, only entropy exchange
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— fully geometric (i.e., trajectory-baed)

— only system-dependent (no need to environment degrees of freedom explicitely)

— entropic-based 

properties of the presented dynamical and thermodynamic description of quantum 
Systems: 


